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Abstract

This paper is devoted to the study of a free-convective boundary layer flow modeled by a system of nonlinear ordinary differential
equations. We apply Homotopy Analysis Method (HAM) along with Pade” approximation to solve free-convective boundary-layer
equation. It is observed that the combination of HAM and the Pade” approximation improves the accuracy and enlarge the

convergence domain.
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1. Introduction

Most of the physical phenomenon is nonlinear [1-20] in nature. The present manuscript reflects a comprehensive study
on boundary-layer flows of viscous fluids [17-20] which are of utmost importance for industry and applied sceinces.
These flows can be modeled by systems of nonlinear ordinary differential equations on an unbounded domain, see
[19,21-25] and the refernces therein. Keeping in view the physical importance of such problems, there is a dire need of
extension of some reliable and efficient technique for the solution of such problems. Liao [7-9, 20] developed the
Homotopy Analysis Method (HAM) which is very efficient, accurate and is being used very frequently for finding the
appropriate solutions of nonlinear problems of physical nature. The basic motivation of this paper is the application of
Homotopy Analysis Method (HAM) coupled with Pade” approximation to solve a free-convective boundary layer flow
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modeled by a system of nonlinear ordinary differential equations. Numerical and figurative illustrations show that it is

a promising tool for solving nonlinear problems.
2. Homotopy Analysis Method (HAM) [1-20]

We consider the following equation

N [u(z)]=0, (1)

where N is a nonlinear operator, T denotes dependent variables and u (r) is an unknown function. For simplicity, we

ignore all boundary and initial conditions, which can be treated in the similar way. By means of HAM Liao [6-10]

constructed zero-order deformation equation

(1-pP)L[B(zip)-us(r)]= PN [T (z:p)], (2)
where L is a linear operator, U, (r) is an initial guess. 7z =0 is an auxiliary parameter and pe[O,l] is the

embedding parameter. It is obvious that when p=0 and 1, it holds

L[D(;0)-u,(r)]=0= @(r;0)=u,(7), (3)

AN[@ (r:1)]=0= @ (r;1)=u(c), (4)
respectively. The solution &(7; p) varies from initial guess u, (7) to solution u(7). Liao [18] expanded &(z;p)

in Taylor series about the embedding parameter

D(t:p)=Uy(z)+ D u,(z)p", (5)
m=1
where
1 0" (r;p) |
u, (r) -2 LER) ©)
m! op p=0
The convergence of (5) depends on the auxiliary parameter 7. If this series is convergent at p=1,
@(r;l)=uo(1)+2um(r), (7)
m=1

Define vector



42

International Journal of Emerging Multidisciplinaries

l]n={uo(r),ul(r),uz(r),us(r), ......... ,un(r)}

If we differentiate the zeroth-order deformation equation Eq. (2) m-times with respect to p and then divide them m!

and finally set p =0, we obtain the following m-th order deformation equation

L[um(r)—xmum_l(r)]=hRm[dm-lj, (8)

where

Rm(dm_1j= L am_N[Q_ET;p)] | 9)
(m-1)! op” p=0

and

X = 0, m<1, 10

"‘_{1, m>1, (10)

If we multiply with L™ each side of Eq. (8), we will obtain the following m-th order deformation equation

0, (7) = xmum_l(r)mRm(um_l)

3. Mathematical Model

Let us consider the problem of cooling of a low-heat-resistance sheet that moves downwards in a viscous fluid

ML N _y, (11)
ox oy

2
ua—u+va—u:va—g+gﬁ(T—To), (12)
OX oy oy

2
uﬂ+vﬂ:zcg, (13)
ox oy oy

u=0, v=0 at y=0, (14)
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u—0, T—>T,asy— oo, (15)
where u and v are the velocity components in the x- and y- directions, respectively. T is the
temperature , T, is the temperature of the surrounding fluid, v is the kinematic viscosity, « is

the thermal diffusivity, g is the acceleration due to gravity and £ is the coefficient of thermal

expansion. Using the similarity variables

4 :[gﬁ(Tl_To)VZXogTM f (77)’ (16)
X0 ’
T :TO +(T1 _TO)[(XO—_X):| 9(77), (17)
n {gﬁ(Tl _2T°)X° } L, (18)
v (X —X)

where y is the stream function defined by u = dy/0y and v =—0w/0x, T and @ are the similarity

functions dependent on #, T (0, 0) =T, and 6(0) = 1, (3.11)—(3.13) are transformed to

£ "()+0@n)—(f'(n)) =0, (19)
0"(n)—3o f'(7)0(n) =0, (20)
subject to the boundary conditions
f(0)=0, f'(0)=0, f'(+o0)=0, (21)
0(0)=1, O(+0)=0, (22)

where the primes denote differentiation with respect to # and ¢ is the Prandtl number.

4. Pade” Approximation

We denote L, M Pade” approximants to f (z) by
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[L/M ] = QP;((ZZ)) ' (23)

where P, (z) is polynomial of degree at most L and Q,, (z)(Q,, (z)# 0) is a polynomial of degree at most M. The

former power series is
f(2)=Yc, 2%, (24)

And we write the P, (z) and Q,,(2) as

P(z)=p,+p,-2+p, 22 +ps-2°+...+p, 2",

Qu(z)=q,+0,-2+0q,-22+q, -2 +...+q,, - 2", (25)
50
f(z)- P (2) =0(z""*) as 20, (26)
Qu(2)

and the coefficients of P_(z) and Q,, () are determined by the equation. From (4.4), we have

f(2)-Qu(z)-P.(z)=0(z-""), (27)

which system of L+M+1 homogeneous equations with L+M+2 unknown quantities. We impose the normalization

condition
Qu (O) =1 ) (28)

We can write out (27) as
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CLiytC O +...+C_py " Oum =0
CiptClyy Oy +...+C Oy = 0 (4-7)

Coom TCLims "Gy +...tC_ - Qy, =0,

Co = Po
C,+Co-Qy =D

C,+C -0, +Cy -0, = Py (4.8)
CL+Cy-Op+...+Cy (L = Py,
From (29) we can obtain the qi(ls i< M).Once the values of q,,0,,...,q,, are all known (30) gives an explicit

formula for the unknown quantities p,,p,,...,P, . Since the diagonal approximants like

[2/2], [3/3], [4/4], [5/5] or [6/6] have the most accurate approximants by built-in utilities of Maple.

5. Solution Procedure Consider the following problem formulated in section 2 and is related to the free-

convective boundary layer flow
£ ") +6() - (' ()" =0,

0"(n) =30 f'(n)6(n) =0,
subject to the boundary conditions
f(0)=0, f'(0)=0, f'(+x)=0,
0(0)=1, 6(+x)=0,

where the primes denote differentiation with respect to # and o is the Prandtl number. The linear operator is defind as

I—l( f) — f !!!1
L,(©0)=0",
with the property that

L, (Co +Cim +C2772) =0,
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L,(C;+C,n) =0,
where C, (i = 0—4) are arbitrary constants.

If we choose g €[0,1] as embedding parameter, h, and h,as convergence control parameters then the zeroth-order

deformation problem reads as
L-a)L,[F ;) - fo(m)]= an N [F(m;0),©(n; )}
A~ a)L,[007;0) - 6,(n)] = an,N , [F (7;0),©(7;0)].

and the nonlinear operators Nl , and N, are defined as

0°F (n;9)

N, [F(7;0),007;0)] = o’ MJ ,

-—®0ﬁQ)—[ on

N, [F 7). 007:9)] =2 (27(7’7;‘” —3(”;’];“) @(n:q)],

Obviously, whenq = 0and q =1,it holds
F(1.0)=f,(m)., F(n1)="10).
©(1,0) =6, (), ©(n.1)=060(n)

Thus as g increases fromQtol, F(77; q) and ®(n, q) varies from the initial guess f, (r) and 8, (r7) to the final solution

f(n)and 6(n). We expand F(77;q) and ©(n;q) in the Taylor series as

Fa) = fo0) + 2 fua”, ()= D
0.0 = 0,0+ 30,ta", 0, =0

atq=1,

F) = 1)+ 2 1 (1),
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007) =0,(1) + 3.0, 1)

Differentiating m -times the zero-order deformation problem with respect to q and then setting g =0 and finally

dividing by m!, we obtain the mth -order deformation problem given by

L[ fo (1) = 2 fs (DI = 2R, (1),
L,[60, (1) = xnbna(M]=2R,, (1),
Using the initial guess

o) =2an’s  0,0n) = Lraan,

and using the m-th order deformations we have,

1 1 1
f.(n)==n+—an'——a'n°,
() 677 o4 2N 60 1N

1 1
0,(n) = -ZO'(Z1(ZZT74-EO'(11773,

1 1 1 1

f . Sy S S N B SR R S S B SN S SRPIE

)=~ To550 % * 2502074 T To0se ™ 181282 " 2016 % ~gag CH
S S

840" 2407

1 1 1 5 1

0 - 20 20 n 0 —— o2, - —— o2+ —— o laan+ —olan’

2(77) 14400 1 0,0 5760 10, 17 5766 1 1 4880- 10,1 560- U
and so on.
The series solution is

1 1. 1 1 1 1
F(m) = —ar? +=n® +—gn® —— .25 — At T gatn® 4T q2n°
() =20l + G 4 27 Gl —Ea O~ e AT s Gt T g o]
1 2.9 8 1 7 1 7 1 6

———a, N ———a, ———oaan ———n' ———ocan’ +...

18144 %21 " 2016 %" Tga0 M Tgae" T 220 M

1 1 5, 5 1

1 1
0 = l+a.n——oca,a,n’ —=ocan’—-——oc’a’a +—cla,a,°n’
(n) U 2% N 5 n 1440 1 QoM 576 1%, N

) 1
cla’n’ +—02ala2n8+%azam7 +

576 488
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6. Conclusions
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Homotopy Analysis Method (HAM) coupled with Pade” approximation is employed to to solve a system of

two nonlinear ordinary differential equations that describes a free-convective boundary layer in glass-fibre

production process. The results show strong effects of the Prandtl number on the velocity and temperature

profiles since the two model equations are coupled.
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