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Abstract

The Goursat problem, which is related to hyperbolic partial differential equations, occurs in a variety of branches of physics and
engineering. We studied the solution of the Goursat partial differential equation utilizing the reduced differential transform (RDT)
and Adomian decomposition (AD) techniques in this inquiry. The problem's analytical solution is found in series form, which
converges to exact solutions. The approaches' reliability and efficiency were evaluated using the Goursat problems (linear and

non-linear). Additionally, the accuracy of the findings obtained demonstrates the reduced differential approach's superiority over

the Adomian decomposition method and other numerical methods previously applied to the Goursat problem.
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1. Introduction

French mathematician Goursat [1] coined the name for a linear problem of the kind u,; = a(x, t)u, +
b(x,t) us + c(x,t)u; + c(x, t)u + f (x,t). The Goursat problem, which is related to hyperbolic partial
differential equations, occurs in a variety of branches of physics and engineering. Cannon [2] was the first to
draw attention to these problems with integral circumstances, and Samarskii [3] emphasized the relevance

of the problem with integral conditions. Numerous numerical approaches have been used to study the
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Goursat equation, including the finite difference method [4], the Runge-Kutta method [5], and the
Homotopy Analysis Method (HAM) [6]. The differential transform (DT) method is a technique for
addressing a wide variety of problems whose mathematical models yield algebraic, differential, integral, or
integro-differential equations or systems of equations [7-10]. There are numerous uses of Zhou [11]'s
differential transform in electric circuit analysis, including solving both linear and nonlinear initial value
problems. This method generates a polynomial-based analytical answer. The differential transform method
(DTM) is an iterative procedure for obtaining Taylor series solutions to differential equations. As a result of
this procedure, an analytical solution in the form of polynomials is constructed.

Gorge Adomian's [12-14] introduced a strategy for solving partial differential equations of any type
(algebraic, differential, integro-differential, and integral) as well as stochastic situations. Since then, this
procedure has been referred to as Adomian's Decomposition Method (ADM). As an initial approximation,
identify the initial or boundary data and terms involving the independent variable alone, decomposing the
non-linear function in terms of Adomian's polynomial, and finding the successive terms of the series
solution via recurrence relations. Numerous studies [15-18] examined convergence and also resulted in
modifications to the Adomian decomposition approach that were later applied to various forms of ordinary
and partial differential equations by subsequent scientists.

The first section of this paper has a brief introduction; the second section contains an analysis of the RDTM;
the third section contains an analysis of the ADM; the fourth section contains examples of Goursat problems
handled using both approaches; and the final section contains a conclusion.

2. Reduction Differential Transform (RDT) Analysis
The following are the fundamental definitions of the reduced differential transform method.

2.1. Definition [19] Assume, for example, that the function u(x,t) is analytic and continuously

differentiable in time t and space x.

Uk(x) = %

d*u(x, t)
[T ’ @

t=0
t-dimensional spectrum functions are found. The converted function is U, (x). According to this definition,
the differential inverse of U, (x) is

— k
uCx, £) kZOUk(x)t . "
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If we combine Equations (2.1) and (2.2), we get
1 [dRulx, t)
u(x, t) = Z — l— tk.
— k'] dek |, (3)
The following table lists the functions and their reduced differential transformations.
Table 1. Functions and the modifications that they undergo.
Function Transformation Function Transformation
1 [d*u(x, t) &
u(x,t) Up(x) = il u(x, t)v(x,t) Z Uy ()Vje—r (x)
' r=0
d™u(x,t k+1)!
GO Ev(ee) | Uy £ V(o) ) B D
o ul(x,t) o« U, (x) (e is constant) du(x, t) dU(x)
dx dx
d"Su(x, t) AU 4+s(x)
x™Mmeh xMm§(k—n = —
(k=mn) G | KO g
x™t"u(x, t) x™U(k —n)
3. An analysis of Adomian's Decomposition (AD) Method [20]
We will consider the following nonlinear differential equation in order to demonstrate the solution
procedure of the Adomian's Decomposition method (ADM).
LeLou(x, t) = f(x, t) + u™(x, t), (4)
with the condition
u(x,0) = g(x),
u(0,t) = h(t), ¢, (5)
u(00) =a

5}

where L, = —, L

a . . 11— x pt
— Ly = — with the inverse operator L;*L;*(.) = [ [;(.) dxdt.
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The solution to the problem is supposed to be as follows:

w(et) = Z;un@, £). (6)

The nonlinear function is considered as

[0¢]

u(x, t) = A, (x,t) (7)

n=0
where A,,(x, t), are referred to as Adomian's polynomials, and they are defined using the following

scheme.

Ao = F(u),
A = ulF’(uo),

.2
Ay = uyF'(ug) + %F”(uo)

A 14 oo/1i =0123
n—aﬁ Z Uu; , h=0123, .. (8)
=0 A=0

The components of u,, (x, t) are completely determined, by the recurrent relationship
Uy = g(x) + h(x) —a+ f(x), 9)

X t
Uy, :f fAn_ldtdx, n=>1

0 Y0

(10)
As a result, the exact answer can be derived by employing Eq (6).

4, Implementation of Reduced Differential Transform Method

We implemented RDT and AD methods on linear and non-linear Goursat problems which are given as

under:
Example 4.1 Consider the homogenous Goursat problem
Uy = U,

(11)

with the given conditions
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(12)

u(x,0) = e*,u(0,t) = et,u(0,0) = 1.

and the problem has the exact solution
u(x, t) = e*tt, (13)

Now, by using reduced differential transform method from table 2, the equation (12) and (13) takes the

form
U, = e”, (14)
du,
(k + 1)M = U, fork >0, (15)
dx
By applying the above procedure we obtain
ex
Ulzex,U:l:ex,U3:§,... (16)
Finally by applying the inverse reduced transforms we have
u(x,t) = Z U, (x)ek,
k=0
(e} ex
— __+k
ulx,t) = k! t*
k=0
ex ex X
ulx, t) =e* +ft +Et2 +§t3 + o
(17)

u(x, t) = e*tt,

The graphs of RDTM with 10" iterations and of exact solution are given as:

o
(K
(X
2
XA
i
7

>
el
<o

‘
0%
¢
o
T
e
5
& ﬂ?
e

()
%
&
Ze8
2005
&0
%
RS
MR
i teleleteles
K
QA
e
B

e
TR
0
!
oy
)

Fig. 1(a). Graphical presentation of 10" Fig. 1(b). Graphical presentation of
iteration of RDTM. exact solution.
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Example 4.2 Consider the homogenous Goursat problem

Uy = —2U, (18)
with the given conditions
u(x,0) =e*,u(0,t) =et, u(00) =1 (19)
and the problem has the exact solution
u(x,t) = e* 2t (20)
Now, by using reduced differential transform method from table 2, the equation (18) and (19) takes the
form
Uy = e*, (21)
du X
(k + 1) "d;;() = —2U, (22)

By applying the above procedure we obtain

UO = ex,Ul = _Zex,Uz = Zex,

Finally by applying the inverse reduced transforms we have
u(x,t) = Z U, (x)tk,
k=0

u(x, t) = [e" + (—2e*) + (2e*) + <—%ex) + <§ex) + <—ie") + ] tk,
u(x,t) = e*2t, (23)

The graphs of RDTM with 10" iterations and of exact solution are given as
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Fig. 2(a). Graphical presentation of Fig. 2(b). Graphical presentation
10" iteration of RDTM. of exact solution.
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Example 4.3 The linear inhomogeneous Goursat problem

Uy = U—t,

with the conditions

u(x,0) =e* u(0,t) =t +etu(0,0) =1

(24)

(25)

Equations (24) and (25) assume the form when the reduced differential transform method from table 2 is

used.
Uy =t+et
du
(ke + 1)%@) = Uy — t8(k),

By applying the above procedure we obtain

t
— t — Lt —-e
Uo—t+e,U1—e,U2—E,....

Finally by applying the inverse reduced transforms we have

u(x, t) = U (x)tki
kZO A

0 t et 2 et 3 et 4

— t N ves

ulx,t) =(t+e)x+e x+2!x +3!x +4!x + ,
u(x,t) =t+ettx,

The graphs of RDTM with 10" iterations and of exact solution are given as
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Fig. 3(a). Graphical presentation of 10" iteration Fig. 3(b). Graphical presentation of exact
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Example 4.4 Consider the inhomogeneous linear Goursat equation

Uy = u + dxt — x2t?, (30)

subject to the conditions

u(x,0) = e* u(0,t) = et,u(0,0) =1, (31)
By using the reduced differential transform method described in table 2, equations (30) and (31)
now take the form

Uy = e*, (32)

(k + 1)6“]2;;()6) = Uy +4x8(k — 1) — x26(k — 2), (33)

By applying the above procedure we obtain

ex
UO = ex,Ul = ex, UZ = ?"' xz,

(34)
Finally by applying the inverse reduced transforms we have
u(,t) = ) Utk
k=0
t? 3
u(x,t) = x*t* + le" (1 +t+ z+§ +>l
u(x, t) = x2t? + e**t, (35)

The graphs of RDTM with 10" iterations and of exact solution are given as

Fig. 4(a). Graphical presentation of 10" iteration Fig. 4(b). Graphical presentation of exact
of RDTM. solution.
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Example 4.5 The non-linear Goursat problem
Upe = —U> +x3 + 3x%t + 3xt? + t3, (36)
with the conditions

u(x,0) = x,u(0,t) = t,u(0,0) = 0. (37)

Equations (36) and (37) assume the form when the reduced differential transform method from Table 2 is

used

Uy = x, (38)

Uy = U, s, (39)

s=0
U1 N
(k+1) Iy = - Z uluy,_, +x36(k) + 3x25(k — 1) + 3x6(k — 2) + §(k — 3)
r=0
(40)

By applying the above procedure we obtain

U1:1,U2:U3:U4:U5:0:'”,

(41)
Finally by applying the inverse reduced transforms we have
u(x, t) = Z U, (x)ek,
k=0
ule,t) =[x +1+0+ -]tk
u(x, t) =x+t. (42)

The graphs of RDTM with 10" iterations and of exact solution are given as
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4 4 4 4
Fig. 5(a). Graphical presentation of 10" iteration Fig. 5(b). Graphical presentation of exact
of RDTM. solution.

Example 4.6 Let us suppose the non-linear Goursat problem

Uy = e 2%, (43)
Subject to the conditions
u(x,0) =0,u(0,t) = 0,u(0,0) =0. (44)
Equations (43) and (44) assume the form when the reduced differential transform method from table 2 is
used
U, =0, (45)
d
(k + 1)aUk+1 = N (Uy), (46)

where N(U,,) is the obtained by using Adomian polynomial for e ~2%, such that

No = f(Up) = e™2%,

N1=f,(U0)U1 = —28_2U0U1,
2 2
Nz = f'(Uo)U, +f”(Uo)% = —2e 2V, + 4e~2Vo %

and so on

By applying the above procedure we obtain

U1:x,U2:_ 3, (41)

Finally by applying the inverse reduced transforms we have
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ulx,t) = ) U, (x)tk,
,Z:o ;

x2t?  x3t3  xttt
u(x,t):lxt— >t 3 "7 +l

ulx, t) = In(1 + xt). (42)

The graphs of RDTM with 10" iterations and of exact solution are given as

Fig. 6(a). Graphical presentation of 10" iteration Fig. 6(b). Graphical presentation of exact
of RDTM. solution.
5. Implementation of Adomian’s Decomposition Method

In this section, we will use Adomian's decomposition (AD) method to solve linear and nonlinear Goursat
problems.

Example 5.1 Let us suppose the following linear homogeneous Goursat Problem

Uy = U, (43)
With the given conditions
u(x,0) = e*,u(0,t) = et,u(0,0) = 1. (44)
and the problem has the exact solution
u(x, t) = e*tt, (45)

By using AD method, we get
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x pt
u(x, ) — u(0,¢) — u(x,0) +u(0,0) = f f u(x, ) dedx, (46)
0 Jo

X t
u(x,t) =e*+et -1+ f f u(x, t) dtdx. (47)
o Jo

Consequently, we have
ug(x,t) =e*+et —1,u (x,t) =xet +te* —xt—x—t,.. (48)

Hence by using equation (6), we have

(o]

u(x, t) = Z up (%),

k=0

t2 x? x +t)?
u(x,t)=ex<1+t++§+--->+et<1+x+§+--->—<1+(x+t)+%+'">

u(x, t) = e*tt, (49)

The graphs of ADM with 10" iterations and of exact solution are given as:

Fig. 7(a). Graphical presentation of 10" iteration Fig. 7(b). Graphical presentation of exact
of ADM. solution.

Example 5.2 Suppose the following linear homogeneous Goursat Problem
uxt = —2u, (50)

with the given conditions
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(51)

e*, u(0,t) = et,u(0,0) =1,

u(x,0)

and the problem has the exact solution

(52)

— ex—Zt.

t)

u(x

By using AD method, we get

(53)

= fx ftu(x, t) dtdx,
ftu(x, t) dtdx.

—u(x,0) +u(0,0)

u(x, t) —u(0,t)

(54)

X

ex+et—1+f
0

t) =

u(x

Consequently, we have

(55)

e*+et —1u,(x,t) = —2(xet +te* —xt —x — t), ...

uy(x, t)

Hence by using equation (6), we have

[a\}
L)
|_|
[a\}
R
|_|
wlm
|_|
= :
o~ .
R+
+ o
~ ._L_Oo
Al IOV
= o
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| o
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u(x, t)

(56)

u(x, t) = e* 2t

The graphs of ADM with 10" iterations and of exact solution are given as

Fig. 8(b). Graphical presentation of exact

Fig. 8(a). Graphical presentation of 10" iteration

solution.

of ADM.
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Example 5.3 Suppose the following linear inhomogeneous Goursat Problem

Uy = U — L, (57)
subject to the conditions
u(x,0) = e*,u(0,t) =t +et,u(0,0) =1, (58)
and the exact solution is
u(x, t) =t +e*tt, (59)

By using AD method, we get

xt? x rt (60)
ux,t) = u(0,0) + u(x, 0) ~ u(00) - + f f w(x, Ddeds
0 0
xtz x rt
u(x,t):t+et+ex—1—7+f fu(x,t)dtdx. (61)
0 0
Consequently, we have
xt? t? x?t3 62
ug(x,t) = t+et+ex—1—7,u1(x,t) :x§+xet+tex—xt—?§—x—t,... (62)
Hence by using equation (6), we have
ulx, t) = Zun(x),
k=0
x? t2 (x + t)?
u(x,t) =t+et e R T +e* Tttt -1+ @x+t)+ 1 + )
u(x, t) =t +e*tt, (63)

The graphs of ADM with 10" iterations and of exact solution are given as
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Fig. 9(a). Graphical presentation of 10" iteration Fig. 9(b). Graphical presentation of exact
of ADM. solution.

Example 5.4 Suppose the following linear inhomogeneous Goursat Problem

Uy = U+ dxt — x2t?,

subject to the conditions

u(x,0) = e* u(0,t) = et, u(0,0) =1,

and the exact solution is
u(x, t) = x%t? + e**t,

By using AD method, we get

xz tz x3 t3 X t
w(, ) = 1(0,2) + u(x,0) — u(00) + 4= XL f f (e, t)dtdx,
0 0

xz tz x3 t3 X t
ulx,t) =e*+et—-1+4————— f f u(x, t)dtdx.
0 Yo
Consequently, we have

ux,t) =e*+et —1+4—————

2 2 33
x3t3  x*tt
= X 4 t_ + — - X —
uy (x,t) = te* + xet — xt 5 125 "X t,

Hence by using equation (6), we have

(64)

(65)

(66)

(67)

(68)

(69)
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u(x,t) = Z Uy (x),
k=0

2

2 +t)2
:x2t2+exl1+t+%+...l+et[1+x+%+...l_l1+(x+t)+¥+... ,

ulx, t) = x2t2 + e+,

(70)
The graphs of ADM with 10™ iterations and of exact solution are given as
Fig. 10(a). Graphical presentation of 10" iteration Fig. 10(b). Graphical presentation of exact
of ADM. solution.
Example 5.5 Suppose the following non-linear inhomogeneous Goursat problem
Uy = —ud + x3 + 3x%t + 3xt? + t3, (71)
with the conditions
u(0,t) = t,u(x,0) = x,u(0,0) =0, (72)
and the problem has the exact solution
u(x,t) =x+t (73)
By using AD method, we get
x*t  x3t? x%td xt* (Yt
u(x,t) =x+t+ + + +—— A, dtdx, 74
(x.1) ittt [ (72)

Consequently, we have
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uo(x,t) =x+t,u (x,t) =0,.... (75)

Hence by using equation (6), we have

0]

u(x, t) = Z Uy, (),

k=0

ulx,t) =x +t.

(76)
The graphs of ADM with 10" iterations and of exact solution are given as
Fig. 11(a). Graphical presentation of 10" iteration Fig. 11(b). Graphical presentation of exact
of ADM. solution.
Example 5.6: Suppose the non-linear Goursat problem
Uy = €724, (77)
with the conditions
u(x,0) = 0,u(0,t) =0,u(0,0) =0, (78)
and the problem has the exact solution
ulx, t) = n(1 + xt). (79)
By using AD method, we get
X t
w(x, £) = u(0, £) + u(x, 0) — u(0,0) + f f A, dtdx, (80)
0 Y0

u, =0,
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where A4,, is obtained by using polynomial for e =2%, such that

Ag = f(uo) = g%,

A1=f’(u0)u1 = —26_2u°,

Ay = —2e Moy, + 4e 2oy u, — 8e 2o

For n = 0, equation (81), becomes

x rt
U = f f Apdtdx = xt,
0 Y0

X t x2t2
0 Y0

Hence by using equation (6), we have

[0¢]

u(x, t) = Z Uy, (),

k=0
x%t?  x3t3
u(x,t):[xt— >+ 3 +l

ulx, t) = In(1 + xt).

The graphs of ADM with 10" iterations and of exact solution are given as

International Journal of Emerging Multidiciplinaries

(81)

(82)

(83)

(84)

(85)
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Fig. 12(a). Graphical presentation of 10" iteration Fig. 12(b). Graphical presentation of exact
of ADM. solution.

6. Conclusion

Here in this investigation we use the reduced differential transform method and Adomian decomposition
method for the solution of linear and nonlinear Goursat problem. We applied the both proposed methods on
six Goursat problems. We compared the results of reduced differential transform and Adomian's
decomposition methods with the exact solutions graphically. It is shown that the reduced differential
transform method solves the linear and nonlinear Goursat problem without employing Adomian
polynomials. Moreover, the reduced differential transform series solution converges faster than the
Adomian decomposition solution. It is also found that reduced differential transform approach reduces the
computational difficulties of Adomian decomposition method.
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