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Abstract

In this paper we evaluated various series concerning the { function. We also have shown how our Lemma can be paired up with different
generating functions to produce more series as a consequence.
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1. Introduction

Sums have been an ongoing topic of investigation since their introduction. The earliest record of people
summing is the formula for the sum of the first n numbers. From then on people developed more complicated
sums. Even the great Euler concerned himself with evaluating the famous sum, the basel problem. Many
sums have been discovered since then, see the following books about sums [2], [3], [8], [10]. Many papers
have been written about them, see [14], [6], [13]. The type of sums we will investigate today can be found in
the book [12]. The first known definition is as follows.

Definition 1.1. The polylogarithm, see [11] is defined by a power series in z, given by
oo

Lis(z) =) —.
k=1 ke

This definition is valid for arbitrary complex order s and for all complex arguments z with |z| < 1. We will
also need the definition given by
: ¢Lig1(z
Liy(z) = /0 Li1(2) ;.

<

For z =1 we get the Riemann zeta function { which is also a function of complex variable s. For more
information see [4], [5], [9].

The second definition is given.

Definition 1.2. The gamma function is defined by a convergent improper integral, for R(z) > 0, see [1]

o0
I'(z) = / e dx.
0
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The following relations hold.
I(z+1)=I(z)

[(z+1)=7z!
We give our third definition.

Definition 1.3. We define the following sequence

|
Cs(k) = 1:21 s
We give our first crucial Lemma in this paper.
Lemma 1.4. The following equalities hold
1 U xkn?m=1(x
£m) = Ganh) =~y

1k n2m X
4 1) = a8 = s [ 5

Proof. Both of the equalities can be derived from the fact that the integral

Y (DT 4m)
/Oxkln (x)dx = (k)

gives different results depending on whether m is even or odd. If m is odd we have a minus and an odd
1

factorial in the result, therefore we divide the integral with it to get the positive value (CER If m is even

we get a positive sign with an even factorial, therefore diving the integral with it gives us the clear

1
form. Adding ﬁ to both even and odd forms and expanding it into a series makes the series continue to
form a tail of the { series. O

We give our second Lemma.

Lemma 1.5. The following equality holds for |y|, |z| < 1, see [14]
o0 k
I . < 1 . y .
V| Lig(z —z—....——) = —— (Liy(zy) —27v) ——— (Lis () — 2
LA (L D) - L @) -2)- 2 1 -2
2. Main results

We give our first Theorem using the { tail representation.
Theorem 1.6. The following equality holds for |z| < 1

+oo K
i —Z— .= — — Gk
O )

ﬁ <6<z— )Liy (%_Z) +6Li, (Z_Tl) —27%z+6zlog*(1 —Z>>

1
<—610g2(1 —2)+3log? (E) — r?log(1 —z) + wzlog(1 —Z))

- (Zl_ 5 (610g (%) log(1 — z) — 6zlog(—z) log(1 —z))

(6log(—z)log(1 —z) +27%)

_|_

1
6(z—1)

_|_

6(z—1)
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Proof. Using Lemma 1.4 , the part with even zeta function and setting m = 1 we get that the representation is
as follows
U xF1n(x)

()= 6l =~ T

Using it in our case gives us the following

Y (Lil(Z) e %k) (c(z) S klz)

k=1

l:i:(Lh(Z)—Z—...—%) (_(2_11)!/01 xilf(j:)dX)
__/Olgxk (Lil(Z)—z—...—é) llnixidx

For the inside summation we use Lemma 1.5 which gives us the following

=~

- _/01 (xil(Lil(xz) —xz) —Xfl(Lil(z) —z)) ,11n£x))cdx

- ﬁ (6(1— 1)Lip (%_Z) +6Liy (Z_Tl) —2m°z+6z1og*(1 —z>)

1 1
+6(Z_ 0 (—610g2(1—z)—|—310g2 (E) — m?log(1 —z) + m?zlog(1 —z)>

g (Zl_ 5 (610g G) log(1 — z) — 6zlog(—2) log(1 —z))

(6log(—z)log(1 —z) +27%)

+

1
6(z—1)
The Theorem is proved. O]

Corollary 1.7. Using the representation from the last Theorem and setting 7 = % we get the following equality

S (] % 2oy
y (L (5) — =2 (@) - G = 1022(2) ~ 5 log(d) 1)

k=1

The next Theorem utilizes Lemma 1.4 and allows us to evaluate various series containing tails of the
function.

Theorem 1.8. The following equalities holds for |y| < 1

_ Lign(y) — €(2m)
Zy —Ganlk)) = =
Zy E@m+1)— L (k) = (Li2m+1<)8): f)(zm"i’ 1))

Proof. Both of the equalities can be proved in a similar way. Use Lemma 1.4 to rewrite the partial sums of
the Riemann Zeta function , exchange the sum and integral sign and apply the geometric series formula. We

are left with -
1 1 ™™ (x)
=— d
Zy ~Can(k)) (2m—l)!/o l—xy 1—x *

1 n?"(x
Zy £(2m+1) sz“(k)):(z;)z/o 1—1xy11—(x)dx
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We will solve the first integral, the second one is analogous. Let us consider the first integral

1 1 1 1 2m—1
/ 1 () dx.
)Jo

S 2m—1)'Jo 1—xy 1—x

Let us call the constant in the front ¢, to minimize the clutter in the formulas. Introduce a substitution x = ¢ ¥,

from which we get
1 1 1 ln2m71 (x) 400 1 (_k>2m—1
- dx = / gk
(2m—1)!/0 o T2 DT Toemy ew @)

1 1 1 1n2m— 1 ()C) _— o0 €k k2m71
— dx=c-(—1)""" ke \dk
(2m—1)!/0 o 1ox oD /0 Fy—1° )

Cancelling what we can and calling the constant (— 1)2’”_1 in front of the integral b, to minimize the clutter
in the formulas, we proceed as follows

cb / K K Mdk=ch / B S
F—yek—1 0 ek—yek—1

k

e _ Yy
(ek=y)(ek=1) " (y=1)(ek~y)

Performing partial fractions in the following way + and applying it to

1
] (eF=1)(1-y)
the integral, we get

cb/ e dk—cb/ §2m- ‘( + )dk
0o ef—ye—1 (y—1)(ek—y)  (ek=1)(1—y)

We will focus on solving the first integral, second one is the special case of the first one.

1—yek y—1Jo

Switching the places of the sum and the mtegral and integrating the integrand, we get

ch +oo yn+1 ch
—I(2 = I'(2m) Li

Second integral is the same and the result can be obtained by setting y = 1 in the summation of the first
integral. Therefore we get

1 /1 1 In?"(x) J (—=1)%" [ Ligy(y)T(2m) N &(2m)T'(2m)
— X =

2m—1)!Jo 1—xy 1—x (2m—1)! y—1 1—y
Which gives us the equality.

1 L1 m2m(x) Lion(y) — £ (2m)
_(2m—1)!/o o 1-x YT o)

The Theorem is proved. ]

Corollaries of the previous Theorem are now given.

Corollary 1.9. The following equalities hold.
Settingm =2 and y = % in the first portion of Theorem 1.8 we get

¢ s ()

a)z() G =TT

b) Setting m = 1 and integrating the second equality from 0 to y we get

foo Kt .
) lfil (£(3) — &G(k)) =log(1 —y)(Liz(y) — £(3)) + Liz(y)
k=0
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Proof.
o P (L) - £B)
L€ -sw) = [

We will separate the integrals and solve them as indefinite ones, then put in the boundaries.

L), [ CB)
o Kyl Ry

Focusing on to the first integral

Li Li
/ i300) ;o la(y)dy
y—1 I—y
Integrating by parts, taking
Li 1
u=—Liz(y),du=— 20) ,dv=——dy,v=—1In(1-y)
y 1=y
Li3 . In(1— Li2
-/ 3 (y)a’y = Liz(y)In(1—y) —/ b)) (y)dy
-y y
Now let us focus to solve the integral we got
In(1 —y)Li
/ n(1—y)Li(y) dy
y
Integrating by parts, taking
In(1 — In(1 —
u=Liy(y),du = —u,dv = n(—y)dy,v = —Lis(y)
y y
In(1 —y)Lir(y ) In(1 —y)Lix(y
[0y OO,
y y
From which we get
/ln(l ~)Lib(y) , _ Liz(y)
y — —
y 2
Putting this back we get
Lis , Li3 . Li3
- [5ay =i -y~ (2] =L n(1 )+ =22
-y 2 2
The second integral is trivial
£(3
[y — - 20)
y—1
Combining the integrals we get
Li3(y)

dy = Liz(y)In(1 —y) + —1In(1-y)¢(3)

/y (Liz(y) —¢(3))
0 2

=1
Putting the boundaries from 0 to y we get

(Lm0 -+ 22 -1 )¢))
0
When y — 0 we get 0 and when y — y we get the same expression, therefore we obtain the result

oo et -
)3 Ifi—:l (C(3) = &a(k)) =log(1 —y)(Liz(y) — £(3)) + Lix(y)

k=0 2

y

Li3(y)
2
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Setting y = % we get the equality
*i (1)k+1 £(3) — G (k)
= \2 k+1

288( +127°1n*2— 121n*2+ 361n2{(3))

c) Setting m = 1 and integrating the first equality in Theorem 1.8 from O to y we get

k+1

w Y
];)H—l@(z)—é(k))

= ~2Lis(1 —y) ~Lin(y)log(1 —y) + ¢ log(1 —y) (> — 6log(1 —y)log(y)) +2¢ (3)

The proof is similar to the last one, therefore is omitted and left as an exercise to an interested reader.
Setting y = % we get the equality

ARSI
k;)(ﬁ =Tl 1 (7*In2+21n°2+3¢(3))

The following Theorem shows how other generating functions can be paired up with the tails of the {
function.

Theorem 1.10. The following equality holds,

£(2)— (k)
=2C(3)—¢(2
Z D=2l _or) -2
Proof. Let us consider the following expansion
Ji" * x+In(x)
Skl x

Adding the tail of {(2) and using Lemma 1.4 we get

400 xk _+o<> xk lykln(y)
L@ = ¥ (- [ )

I—y

Interchanging places between the integral and the sum is allowed since the sum is a power series, from which

we get that
Jf’ xk e / xy )k ln(y)
- k—l— 11—

X —|—1n1—x In
_/ y y)liyidy

Setting x = 1 and proceeding, we get

§(2)=&(K) _ ('In(y) (y+In(1—y))
Z k+1 _/o y(1—y) “

Splitting the integrand and using partial fractions we get

~ [MIn(y)In(1—y) Hn(y)In(1—y) ' yln(y)
S Y S A T
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Introducing a substitution in the second integral 1 —y = ¢ we get that it equals the first integral, and the third

. . 2
one is easily seen to be —%-.

6

The first integral can be solved expanding the In(1 — y) into a series and solving the remaining integral to get
the { function. Therefore we get the equality

= L2)- Gk
ZC() Ga(k) _

1 _ 2
:2/ In(y)In(1 y)dy T
0 y

The Theorem is proved. O]

The following Theorem is really beautiful because it connects the { function and rational expression with the
simple constant 1.

Theorem 1.11. The following equaltiy holds

=02 -Gk
ZC() Gak) _

= (k+1)(k+2)
Proof. Let us observe the following equality which holds for [—1,0) U (0, 1]

iy 1K _ x—xIn(l —x)+In(1—x)

,;)(k+1)(k+2) x?

Adding the tail of the zeta function to it, we get the following

i"xk(C@)—Cz(k))
& (k+1)(k+2)

Writing the tail of the zeta function as the integral using Lemma 1.4 we get

g x ! y*In(y)
,;O(k+1)(k+2)'<_/o 1—y dy)

Exchanging the places of the sum and the integral, which is allowed since the sum is a power series, we get

:_/1 v @), =—/lxy—xyln(l—XY)+1n(1_xy) In()
0

dy
0 &= (k+1)(k+2) 1~y x2y? 1—y

Setting x = 1 we get

= - —vyIn(1— n(l —y)In
y £(2) —La(k) __/Oly yIn(1—y) +In(l y)l(y)dy

= (k+1)(k+2) N y2 1—y

We will solve the integral as an indefinite integral and then evaluate itat y =1 and y = 0.
Separating each integral we get

ly—yIn(1— In(1—-y)1 | In(1—-y)l In(y)In(1 —
_/y yIn( yz)+n( y) n(y)dy:_/ n(y) dy+/ n(l—y)Iny) , _/ n(yz)n( ),
0 y 1—y y(1-y) y(1-y) ¥ (1-y)
Focusing on the first integral and using partial fractions we get

[ i, o),
y

(1—y) y 71—y
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The first integral is easily done by a substitution and second one is a polylogarithm

In(y) 1.2 :

= dy = —Z1In"(y) —Liz(1 - y)
/ y(1=y) 2
Focusing on the second integral and using partial fractions we get
In(1 —y)In In(1—y)In In(y)In(1 —
/ (1-y) (y)dy:/ (1-y) (y)dy+/ 0)In(1=y)
y(1—=y) y 1—y

First one is easily done by integration by parts from which we get

/ mdy — —In(y) Lis(y) +Lis(y)

Second one is similarly done with partial integration from which we get

/%@ In(1—y)Liz(1 —y) — Liz(1 —y)

Now focusing on to the third integral and using partial fractions we get

1 In(1— In(1—y)1 In(1—y)l In(1—y)I1
_/ n(yz) n(l—y) dy = _/ n(1—y)In(y) dy_/ n( yz) n(y) dy_/ n(1—y)In(y) dy
y (1 =y) y y 1-y
First and third integral are the ones we already obtained for the second integral, therefore we focus our
attention to the second integral. Performing partial integration taking u = — ln(ly Y and dv = i Y we get

_/ln(l—y);)ln(y)dy: In (1— 2/ln (I—y ln 2/

Focusing on to the first integral and doing partial integration taking u = In(1 —y) and dv =

y( Y we get

n — Il2 I'l2 n Il2 n
/1 (1 yyz)l (y)dy:_ln(l_y) <1 (y)+i1 (y)+2)_/1i 1 (y)+i1 (y)+2dy

Plugging this back into the integral we were solving we get

_/ln(l —y)In(y) dy

2

y
_ In(1-y)In*(y) 1 In?(y) 4 21n(y) +2 In?(y) In(y) 1
Yy _5(_ln(l_y)( y )_/y(l—y)_2/y(1—y)dy_2/y(1—y)dy)
1 In?(y)
1=y
—5 f In*(y) dy cancel eachother out, and we are left with
In(1—y)In In(1— ln2 1 In? 2In 2 In d
_/ ( yyz) () g — _In zyy) (y)+§1n(1—y)( (y)+y )+ )—i_/y(l(z)y)dy—'—/y(liy)

The first integral has already been done and the last one is trivial, which at the end gives us the result

_/ln(l —y)In(y) dy

y2

In?(y) +21n(y) +2
y

~ In(l—y)’py) 1

)+§ln2<y>+mz<1—y>+1n<y>—1n<1—y>
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When we combine all the the solved integrals, simplify the expression and put in the boundaries we are left

with
ly—yln(1—y)+In(1-y)In(y) ,
_ 3 dy_
0 y 11—y
log(1 —y)log2(y) log(1—y) (log*(y) +2log(y) +2 1
:<_ (1Y) ()+ ( )+log(y)—log(1—y)
2y 2y 0
Since
~ log(1—y)log? log(1—1v) (log?(y) +2log(y) +2
fim 0201 =) log(y)  log(l =) (log"() +21080)+2) 100 101 —y) —
y—1 2y 2y
And
~ log(1—1y)log? log(1—1y) (log%(y) +2log(y) +2
fim 020 =) log’(y)  log(1 =) (log” () + 2log(y) )+log(y)—10g(1—y)=—1
y—0 2y 2y
We get that

S L@ -6Hk)  ly—ylm(l—y)+In(l-y)In@y)
%m— /0 ¥ T, r=0-(-1)=1

And we finally obtain the equality
Fio-6®
= (k+1)(k+2)

The Theorem is proved. O
Corollary 1.12. Using a similar reasoning like in the previous Theorem, the following equality can be
obtained, setting x = —1 instead of x = 1 before integrating

(DR - Gk) 1

) CE@ —a®) 1 (=2(¢(3) +2) + m*(log(4) — 1) +10g(256))

= (k+1)(k+2) 4
The next Theorem connects Fibonacci numbers with the tail of the { function.

Theorem 1.13. The following equality holds for |x| < é, where ¢ = HT\B

o0
Y R (C2) - G(k)
k=0

3((V5-5)x—2v5)Lia (25) =3 ((V5+5) r—2V5) Lip (— 2 ) + 57
a 30(x2+x—1) '

Proof. We begin by recalling the generating function for the Fibonacci numbers, see [7]

Ry X
Y R =
k=0

1—x—x2

Adding the tail of the { series to the sum we get the following

Y E () - L)
k=0

Now using Lemma 1.4 while setting m = 1 to rewrite the tail of the { function as the integral

y _v 'y*In(y)
Y AR - GW) = LA (- [ 5 a)
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Switching places of the sum and the integral and using the generating function of the Fibonacci numbers we
get the following equality

o [t (xy)log(y)
YAACQ -0 = [~ et

Writing 1 —xy — x?y? in the form (y — y;)(y — y2) and then doing partial fractions
g

y
(I=y)(1 —xy—x2y?)

4x? 2(v/5—1)x? 2(14++/5)x?

(—2x+V5—1)(2x+V5+1D)(y—1) V3(=2x+v5—1)(2xy—v/5+1) * V5(2x+V5+1)2xy+ V54 1)

and integrating term by term, we get

Y AE(C(2) - k)
k=0

3((V5—5)x—2v5)Lia (25) =3 ((V5+5) r—2V53) Lin (— 25 ) + 57
30(x2+x—1) '
The proof is complete. ]

In the following we give a corollary of the previously derived Theorem.

Corollary 1.14. The following equalities hold
a)Setting x = % in the previously derived Theorem, we obtain the equality

OF
Y 5 (6@~ &(k)
k=0
2 1 ) 1
200659 ) ()
2 1 , 1 Sm?
+13 (—3 (5 <\/§+5) —2\/5) Li, (—\/5+1) += ) .
b) Setting x = 1+}r/1§ and x = 1_\@, p = 2 respectfully in the derived Theorem, we obtain
2p 20+
k

<145

) (—W ) Fi(§(2) - &(k))

k=0

201 (12\6(2P +1)Lis (2—P—1 <\/§+ 3)) —6 (\/§2P+1 - 3\6—5) Liy (—27P) — 572 <\/§+ 1))
- 15020+ 1) <—2p+1 +\/§+3)

too (1 k
y (12—f> R(£(2) - G(k)
k=0

or-1 (-6 (\/521’“ - 3\/§+5> Lis (—277) +12v/5 (27 + 1) Li (-2—P—1 <\/§— 3)) ~5n2 (\/3— 1))
15020 4+-1) (2P+1 V5 3)
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Subtracting the second from the first series and multiplying by \% we get the following

c@-ew ((55) - (59))
L5 V5

Taking 2% in the front, we are left with

()

) ()
V5

Observing that the expression inside the brackets is a Fibonacci sequence, Fj, =
the following equality

, we obtain

ZFk (€@~ &)

B 15\/5(2p+1)(1—3 20 4 4r 4 1)
+15\/§(2p+1)(l—32p+4p+1)
_15\/3(2p+1)(1_3 20 4+4P 4 1) B (3(1+2p)(_5_3\/§+2p+1'\/g)Liz <_2_l_p(_3+‘/§))>
_15\/5(2p+1)(1_32p+4p+1) T (30+27)(5-3v5 42" VE)Li (2711 (34 5) ) )

Setting p = 2 in the expression we got, we obtain

op- (5\/5(21’ —)r? —12V5(1 - 3-2P +4P) Li (2*1’))

i <6\/§(1 —3.2P +4P)Liy (4—P))

Z F % ~0.221583

As a consequence, we can obtain many series of the Fibonacci squared-zeta type using the formula above.

3.Conclusion

1. We verified all the numerical results via Wolfram Alpha.

2. In this paper we evaluated various § series of the form found in the new book [12]. We also proved a
useful Lemma for the integral representation of the tail of the { function.
3. Questions arise whether tails of other special functions can be found in terms of the integral representations.
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