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Abstract

In this study, the Arrhenius energy of activation and viscous dissipation on the magnetohydrodynamic
(MHD) flow of a hybrid nanofluid, namely, (Cu — Al,05/water), in a rotating radially stretching disk
are examined. Similarity variables are then used to reduce the governing partial differential equations
(PDEs) of momentum, energy, and concentration to a system of coupled ordinary differential equations
(ODEs). The resulting nonlinear boundary value problem is numerically solved in MATLAB using the
bvp5c solver. The effect of major physical parameters of the Hartmann number (Ha), Eckert number
(Ec), Prandtl number (Pr), the Schmidt number (Sc), and the activation energy parameter on the
velocity, temperature, and concentration profiles are discussed. Hartmann number (Ha) kills velocity
profiles, however, it promotes temperature distribution. The Eckert number (Ec) significantly increases
thermal boundary layer thickness due to viscous heating, while activation energy (E') strengthens mass
transfer. Furthermore, the hybrid nanofluid (Cu — Al,03/water) shows superior thermal performance
compared to unitary nanofluids. A key finding is that the interplay between the magnetic field (Ha)
and activation energy (E') creates a competing mechanism, where Ha suppresses mass diffusion while
E enhances it, with significant implications for reactive flow control. This work offers insights into
optimizing thermal systems that involve rotating disks, such as turbomachinery and renewable energy
applications.(Cu — Al,05/water).

Keywords: Hybrid Nanofluid; Arrhenius Activation Energy; Rotating and Stretching Disk; Viscous
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Nomenclature
Nomenclature
(r,0,z) | Cylindrical coordinates B, | Magnetic Strength
a Thermal Diffusivity L, | Velocity slip factor
(u,v,w) | Velocity Component L, | Thermal slip factor
Nu Nusselt Number L; | Concentration slip factor
Pr Prandtl Number T. | Ambient Temperature (K)
Sc Schmidt Number C, | Ambient Concentration
(molm™3)
Ha Hartmann number C | Fluid’s Concentration
(molm™3)
Cy Specific Heat at Dy | Brownian  motion  factor,
constant(JK "kg™1) (m2s72)
Phnf Density  of  Hybrid E, | Activation energy, (kg.m?s—2)
Nanofluid (kgm™3)
% Kinematic viscosity k, | Chemical reaction rate constant
(molm™3s71)
T Temperature  of  the Ec | Eckert number
fluid (K)
U Viscosity n Dimensionless variable
Q Angular velocity A Stretching rate
heat source/sink

1. Introduction

Hybrid nanofluids, formed as a result of adding two or more nanoparticles of different types to a base
fluid, are a novel potential class of working fluids in thermal engineering applications. Hybrid
nanofluids have excellent thermophysical properties like high thermal conductivity, improved
suspension stability, and regulated viscosity as compared to conventional fluids and even simple
nanofluids, making them very effective in cooling and energy systems.
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Arrhenius activation energy is another significant concept in transport phenomena, and it is the
minimum energy needed in order to have a chemical reaction take place. In reactive flows, activation
energy is an important factor in the distribution of the concentration through either decelerating the
mass transfer processes or accelerating them. It is especially significant when the hybrid nanofluids are
examined under chemical active conditions.

The concept of nanofluids was first introduced in the mid-1990s, where the suspension of nanoparticles
in conventional base fluids was shown to significantly enhance thermal conductivity [1]. Since then,
extensive research has been carried out on nanofluids for various applications including cooling
systems, energy devices, and electronic equipment. However, to achieve even greater performance, the
idea of hybrid nanofluids was later developed, where two or more types of nanoparticles are dispersed
into a base fluid to combine their synergistic properties [2], [3].

[4] conducted one of the earliest experimental investigations on Cu — Al,03/water hybrid nanofluids
and observed a 30% improvement in thermal conductivity compared to conventional nanofluids. Nine
et al. [5] further emphasized the importance of nanoparticle shape and combination, reporting enhanced
thermal properties while maintaining stable viscosity behavior. Similarly, [6] and [7] demonstrated that
graphene oxide-based hybrid nanofluids provide excellent thermal performance due to the high
intrinsic conductivity of graphene when combined with metallic nanoparticles.

In addition to the advancement of hybrid nanofluids, studies have considered several physical effects
influencing transport phenomena. For instance, the role of activation energy in chemically reactive
flows was analyzed by [8], who highlighted its importance in modifying diffusion and reaction rates.
Rotating and stretching disk problems have also attracted considerable attention since Von Karman’s
pioneering work [9], with applications in turbine cooling, rotating machinery, and polymer processing.
[10] provided analytical solutions for boundary layer flow over stretching surfaces, establishing their
industrial relevance. Stretching surfaces with different geometries and boundary conditions are
investigated by various scholar [12-16].

Viscous dissipation has been another significant factor in hybrid nanofluid analysis. [17] studied the
influence of viscous dissipation and non-uniform heating, showing that it plays a vital role in modifying
the thermal boundary layer. Magnetohydrodynamic (MHD) effects have also been extensively
investigated in nanofluid systems due to their applications in electrically conducting flows. [18]
presented exact solutions for MHD flow in rotating disk systems, demonstrating the strong effect of
the magnetic parameter (Hartmann number) on velocity and temperature distributions.

To solve the highly nonlinear equations arising in hybrid nanofluid problems, numerical methods are
often employed. [19] introduced the MATLAB bvp5c solver, which has since been widely applied to
boundary value problems involving complex nonlinear systems. This approach ensures high accuracy
and stability, making it particularly suitable for hybrid nanofluid flow analysis.

Recently, Cu — Al,03/water hybrid nanofluids have been studied extensively due to their excellent
balance of thermal conductivity and stability. [6] and [20] confirmed that the combination of copper
and alumina nanoparticles in water provides enhanced heat transfer capabilities compared to mono-
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particle nanofluids. Their unique thermophysical properties make them an attractive choice for modern
industrial and thermal applications.

Building upon these developments, the present study focuses on the three-dimensional flow of Cu —
Al, Oz/water hybrid nanofluid over a rotating radially stretching disk, incorporating viscous dissipation,
magnetohydrodynamic effects, and Arrhenius activation energy. While recent studies like [21] and [27]
have analyzed activation energy or rotating disks for nanofluids, the combined investigation of
Arrhenius activation energy, viscous dissipation, and three slip conditions (velocity, thermal,
concentration) for a Cu — Al,03/water hybrid nanofluid over a radially stretching and rotating disk
remains unexplored. This study aims to fill this gap. The governing equations are solved using the
bvpSc numerical method, and the influence of key parameters such as the Hartmann number, Eckert
number, Prandtl number, Schmidt number, and activation energy on velocity, temperature, and
concentration fields is systematically investigated.

2. Mathematical Formulation

we consider the three-dimensional flow of a Cu — Al, Oz/water hybrid nanofluid over a rotating radially
stretching disk using cylindrical coordinates (7,8, z). The disk stretches radially outward in the r —
direction while simultaneously rotating with angular velocity in the 6 — direction, creating a complex
boundary layer flow. A uniform magnetic field B, is applied normal to the disk surface (along the z —
axis), which introduces magnetohydrodynamic (MHD) effects on the electrically conducting hybrid
nanofluid. Additionally, viscous dissipation is taken into account, representing the conversion of kinetic
energy into thermal energy due to internal fluid friction. The concentration equation incorporates the
effect of Arrhenius activation energy, which influences mass transfer in reactive flows.

Water + Nanoparticles T

Fig. 1. Model representation of Physical Phenomena

The real-world phenomenal model depicted mathematically is illustrated in (Fig. 1.) by cylindrical co-
ordinates (7, 6, z).

Accordingly, from the basic governing equation for momentum, energy and concentration the
following as [15].
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Where u, v and w are velocity along x,y and z — axis respectively. Where L, is the slip factor of
velocity, L, is the thermal concentration, Ls is the concentration slip factor, up,s is the dynamic
viscosity coefficient, ppy, s is the effective density of the hybrid nanofluid, By is the applied magnetic
field, C,, is specific heat of fluid, (pCp)nnr is the effective heat capacity of the hybrid nanofluid, oy, ¢
is the electrical conductivity of the liquid, T is temperature of the fluid, and T, is the ambient
temperature of fluid and rate of reaction is represented by k, , C denotes the concentration, Co,
represents the ambient concentration, Dy is the Brownian factor, E, is the energy used to activate, and

K is the Boltzmann constant [23].

The definition of thermal and physical parameters of the hybrid nanofluid are as follows [18].

The dynamic viscosity of hybrid nanofluid pp,, s takes the form of.

= Ky ©)
rnf (1 - %31 — @z)%®
The heat capacity of hybrid nanofluid (pCp ), and density of hybrid nanofluid pp,s are presented as

follows:
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In this case Maxwell-Garnet model [19] is included in the form of conductivity K, as:
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¢, and @, are the volume fractions of the nano size particles Cu and Al, 05 and the subscripts represent
the base as f, nano-fluid is represented by the subscripts and hybrid nano-fluid levels are represented
by the subscripts used in the Egs. (10) — (13). Table 1 gives the relations of the alumina, cupper and
water.

By using the similarity transformations [26] as below:

u=r0f'(n), v=rgQ), w=—|20Vf(n) (14

210 () T — Ty 5(n) C — Co
n=2z |5, n=c—= n=-——-—
Vr Ty — Two Cw — Coo
The set of similarity transformations discussed complied with this law of conservation of mass as

depicted in the equation (1). Therefore, the analytical problem set out by the Egs. (2) — (8) is changed
with a set of ordinary differential equations as follows:

A A 1
2_1flll + foll _flz + gZ __3(Ha)2fl =0 ( 5)
A, A,
A A 1
2_1g/r+2fg/_2frg__3(Ha)2g=0 (16)
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Exploration of Arrhenius Activation Energy on Hybrid Nanofluid 7

2 144 ! n _E —_ (18)
AR +o(1+ 660) ¢>exp(1+60)_0

f0) =0, f'(0) =2+ af"(0), g(0)=1+ag'(0), (19)
6(0) =1+ p0'(0), ¢(0) =1+yad'(0), ,
f'(©)—>0, g(©)—>0  0(x)—>0, P(0)->0
Where

Ay =(1- (P1)2'5(1 - ‘Pz)z's,

Ps1
Ay = py ((pli +1- <p1> (1 —@3) + ps292,

(o} + o
3 <—1<p1 or 2f2 _ (p; + ‘Pz))

+ 00 01901 + 029, ’
24 (01(.01 2 2) _ ( 1 ) _ +
Gf((pl + (pz) O-f ((pl (pZ)

_ ksz — ZQDZ(knf - ksz) + anf

ksz + sz(knf - ksz) + anf ’
(PCp)Sl
(!)6&9)f

A3:1+

4

As = (pC) (1 — ) | 1 + (1= @) |+ 9a(pC,) -

Where a = L, \/% is used for the velocity slip parameter, = L, \/% represents thermal slip

,zn . . . :
parameter, y = L > shows the concentration slip parameter, A is the stretching parameter, Pr =
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for the parameter of heat absorption/generation, § =

used for nondirectional activation energy, dp, s = is the thermal diffusivity. Table 1 presents

(p p)hnf
the physical properties of the nanoparticles and base fluid.

Table 1. Thermophysical characteristics of water, alumina, and copper [27]:

Physical Properties H:O (water) AlL:Os (alumina) Cu (copper)

p (kg/m?) 997.1 3970 8933
Cp (kg K ™) 4179 765 385
k(Wm K" 0.6132 40 401

6 (Q'm)™! 5.5x107° 1 <107 5.96 x 107




8 International Journal of Emerging Multidisciplinaries

The practical interest quantities are the coefficient of skin friction Cr and the local Nusselt number Nu

that can be defined as:
Twx Twy Xqw 20
Crx =———5 Cry = 2’ Nux=W (20)
PrnfViw PrnfViw nf( s 00)
The terms T,,x = Tyx|z=0, Twy = Tzylz=0, Qw give rise to the following relations as:

v,
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w = Qr|z=0 - khnfa
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Substituting values, we get
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Here Re,, = 2(f2x)x /v is the local Reynold number.

3. Numerical Approach

The non-linear terms in the segment’s final regulating equations (2) — (6) make it challenging to find
an analytical solution. The 3D flow of Cu — Al,0z/water hybrid nanofluid over a rotating radially
stretching disk, incorporating MHD, viscous dissipation, and Arrhenius activation energy, are
transformed into a system of dimensionless ODEs using similarity transformations. These equations
are solved numerically in MATLAB using the bvp5c solver, which employs a collocation method to
effectively handle boundary conditions. The accuracy of the results is ensured through the use of proper
initial guesses, mesh refinement, and validation against limiting cases.

For use with a boundary-value solver, the system is written in first-order form by introducing

=0 =0Gf"=06Gf"=04,9=0,9 =0, 9" =04 (22)
0 = €6'9, = {7, 0" = ({3
@ =0g,¢" =, ”:«4
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The corresponding BC’s are:

$o(1) =0, $(2) =21+ ady(3), §p(4) =1+ ady(5), } (27)
0o (6) =1+ B45(7), $(8) =1+y{(9)
{w(2) =0, {w(4) = 0, {(6) = 0, {(8) >0 (28)

Table 2. Comparison of the present and the existing results (¢ = 0,Pr = 6.2).

Factors Abd-Elmonem Present
(£'(0)) 0.51012517 0.51132469
(-2'(0)) 0.60883001 0.62581123
(-0'(0)) 0.93276194 0.93167531

Table 2 expresses the comparative results of the present and the existing results. This assessment
validates the numerical procedure.

4. Result and Discussion:

In this section, the impact of different physical parameters on the flow, temperature and concentration
profiles of a hybrid nanofluid (Cu—AlL:Os/water) over a rotating radially stretching disk is presented and
discussed. The bvp5c solver of MATLAB was used to obtain the results.

Fig. 2 provides the variation in velocity profile with the increase in Hartmann number (Ha). It is found
that at an increase in Ha the velocity of the nanofluid also decreases. The reason behind this is due to
the fact that when the magnetic field is stronger, it produces a Lorentz force which acts against the
motion of the fluid and hence causes the fluid to slow down its velocity. Fig. 3 shows that the azimuthal
velocity is expected to decline with the increase in Hartmann number. This is reduced because the
magnetic field creates a resistive force that decreases the rotational speed of nanofluid particles.
Therefore, more suppression of the azimuthal velocity is observed in the fluid with the stronger
magnetic fields. Fig. 4 temperature profile raises with the increase in the Hartmann number. An
increased magnetic field creates more heat within the boundary layer as a result of the resistive (Joule
heating) effects. This subsequently increases the thickness of the thermal boundary layer and increases
the total temperature with Ha. Fig. 5 shows that the concentration profile decreases as the number of
Hartmann number rises. Physically, the stronger the magnetic field the greater the Lorentz force that
prevents diffusion of particles and species concentration in the boundary layer. Therefore, the
concentration boundary layer will be thinner with an increase of Ha.
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Fig. 2. Effect of Hartman number Ha on velocity profile f'(1)
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Fig. 3. Effect of Hartman number Ha on azimuthal velocity profile g(n)
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Temperature Profile 6(n)

AlzoﬁrCu-Water
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= =Ha=05
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06k
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04k 5=01,0=05Ec=01,
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02k
0 \
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Fig. 4. Effect of Hartman number Ha on Temperature profile 8(n)

Concentration Profile ¢(n)
14r

;l‘*.I2C)3 i Cu - Yater

12t T
Ha=10
1 Ha=03
——Ha=05
_ osf Ha=07
G
-

06F Sc=06,Pr=62,A=01,
a=01p=01,¥=01,
04k 6=01,0=05Ec=01,

E=01,n=1,51=0.1
02f

Fig. 5. Effect of Hartman number Ha on Concentration profile ¢ (1)

Fig. 6. indicates the velocity slip parameter a rises, the radial velocity f(n) decreases. This is due to the
fact that when the disk surface slips, the motion being transferred to the fluid is minimized and thus the
fluid moves outward at a slower rate. In Fig. 7. Shows that azimuthal velocity g(n) also decreases with
a increase in o. As slip reduces the contact between the disk and the fluid, the fluid acquires less
rotational motion, and therefore, this translates into weaker swirling motion. Fig. 8. indicates that, the
concentration profile ¢(n) decreases with an increase in a. Since slip occurs, the number of
nanoparticles transported by the fluid reduces, and this reduces the total concentration within the

boundary layer. In Fig. 9. Demonstrates that the temperature (1)) decreases with an increase in thermal

slip 3. The heat transfer between the disk and the fluid is decreased by thermal slip and therefore the
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fluid temperatures are low. Fig. 10. is used to show how the concentration slip parameter (y) affects the
concentration profile of the hybrid nanofluid. It has been noted that as y increases, the concentration of
the nanofluid in the region close to the surface reduces. Practically, the boundary slip condition
decreases the direct contact between the fluid particles and the surface, which makes it weaker to
transfer nanoparticles off the wall to the fluid.

Velocity Profile f'(n)
02%¢
AI203!Cu - Water =01
=03
02F szl —=g=05
—x=08

Sc=06,Pr=6.2,1=0.1,
Ha=0.1,p=0.1,y=0.1,

015

= . $=0.1,0=05 Ec=0.1,
i N E=04,n=1,51=0.1
01 Q
005}
D L L
0 1 2 3 4 5 B 7

Fig. 6. Effect of velocity slip parameter a on velocity profile f '(1)
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02

Fig. 7. Effect of velocity slip parameter a on azimuthal velocity profile g(n)
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Fig. 8. Effect of velocity slip parameter a concentration profile on ¢ (1)
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Fig. 9. Effect of thermal slip parameter f# on temperature profile 8(n)
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Concentration Profile ¢{n)
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Fig. 10. Effect of concentration slip parameter y on concentration profile ¢(n)

Fig. 11. shows the radial velocity f'(n) decreases as the stretching parameter (1) increases. This is
because adding more nanoparticles to the base fluid (water) increases its viscosity, making the fluid
thicker and resisting its flow. The hybrid nanofluid (Cu—Al2Os/water) shows slower radial movement
compared to pure water. Fig. 12. Shows the azimuthal velocity g(n) also decreases with higher A. The
rotating disk imparts less rotational motion to the fluid when nanoparticles are added, due to increased
density and viscosity. The nanofluid swirls more slowly than the base fluid. Fig. 13. Shows the
temperature 0(1)) increases significantly with increasing . Nanoparticles have high thermal
conductivity, which improves heat transfer. The highest temperature is observed at A = 0.3, confirming
that hybrid nanofluids are better for heat enhancement. In Fig. 14. Shows the
concentration ¢(n) decreases as A increases. Higher nanoparticle concentration makes the fluid denser,
which reduces the diffusion and movement of nanoparticles. The lowest concentration is seen at A =

0.3.



Exploration of Arrhenius Activation Energy on Hybrid Nanofluid

15

Velocity Profile fi(n)
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Fig. 11. Effect of stretching parameter A on velocity profile f '(n)
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Fig. 12. Effect of stretching parameter A on azimuthal velocity profile g(1n)
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Temperature Profile &(n)
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Fig. 13. Effect of stretching parameter A on temperature profile (1)
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Fig. 14. Effect of stretching parameter 4 on concentration profile ¢ (1)

Fig. 15. indicates that the temperature profile 8(n) rises considerably with the increase of the Eckert
number (Ec). Eckert number measures viscous dissipation, or, in other words, the heat produced by the
friction of the fluid. Increased viscous forces cause more heat to be generated in the fluid at increased
Ec causing an increase in temperature. This proves the fact that viscous dissipation is a fundamental
element in augmenting thermal energy in the rotating systems. Fig. 16. illustrates the profile of
concentration ¢ (1) declines with the increase in the Schmidt number (Sc). Schmidt number indicates
the ratio between the momentum diffusivity (viscosity) and mass diffusivity. An increased Sc value
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implies that the mass diffusion is slower than the momentum diffusion. Fig. 17. depicts (O) as the
parameter of the chemical reaction that is the rate at which nanoparticles are used in a chemical reaction.

An increase in O indicates an increased reaction rate.

Temperature Profile &{n)

AL,/ Cu - Water Ec=01
Ec=1
08 ——-Ec=2
Ec=3
06 Sc=06,Pr=62 =01,
= a=01,p=01,y=01,
Y 6=01,0=05Ha=01,
04r E=0.1,n=1,81=0.1
02F
U =
0 1 2 3 4 5 6 7

Fig. 15. Effect of Eckert number Ec on temperature profile (1)
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Fig. 16. Effect of Schmidt number Sc on concentration profile ¢ (1)
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Fig. 17. Effect of reaction parameter o on concentration profile ¢ (1)

5. Conclusion

The paper has examined the flow of a hybrid nanofluid in an exponentially stretching and rotating disk
in the presence of a magnetic field. The influence of velocity slip, thermal slip, concentration slip,
chemical reaction, activation energy, viscous dissipation and heat generation /absorption has been well
discussed. These findings have shown that the velocity slip decreases the radial and azimuthal velocities
and the thermal and concentration slips decrease the temperature and concentration profiles
respectively. The Hartmann number is used to suppress the velocity components because of the Lorentz
force and the parameters of activation energy and chemical reaction are greatly affecting the
concentration distribution of the nanoparticles.

In addition, there is also the incorporation of copper and alumina nanoparticles that boost the effective
thermal conductivity of the base fluid to increase the rate of heat transfer. It is found that the Nusselt
number is always high in the case of higher ratios of thermal conductivity, which implies that hybrid
nanofluids are better than conventional fluids. These results prove that hybrid nanofluids can be used
in the further developments of engineering and industrial thermal management, particularly, in the
fields of engineering, where effective cooling of the material and the possibility of better heat transfer
are particularly important.

These findings suggest that by tuning the magnetic field and nanoparticle composition, one can
optimally control both heat and mass transfer in rotating disk chemical reactors.
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