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 Abstract 
 
This paper applies Homotopy Analysis Method (HAM) to obtain analytical solutions of nonlinear Schrödinger equations. 

Numerical results clearly reflect complete compatibility of the proposed algorithm and discussed problems. Several examples are 

presented to show the efficiency and simplicity of the method. 
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1. Introduction  

 
Differential equations arise in almost all areas of the applied, physical and engineering sciences [1-21]. Recently [16-

21], lot of attention is being paid on fractional differential equations and it has been observed that number of physical 

problems is better modeled by such equations. Several numerical and analytical techniques including Perturbation, 

Modified Adomian’s Decomposition (MADM), Variational Iteration (VIM), Homotopy Perturbation (HPM) have been 

developed to solve such equations, see [16-21] and the references therein. Inspired and motivated by the ongoing 

research in this area, we apply Homotopy Analysis Method (HAM) [1-21] to obtain analytical solutions of nonlinear 

Schrödinger equations. In particular, the Schrödinger equation occurs in the various areas of physics, including 

nonlinear optics, plasma physics, super conductivity and quantum mechanics. The non-liner Schrödinger equation 
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exhibits solitary type solution. Many methods are usually used to handle the nonlinear equation such as inverse 

scattering methods, tanh method, Backlund transformation and others methods as well. 

Consider the Schrödinger equation with the following initial condition 

݅
߲߰(ܺ, (ݐ

ݐ߲
= −

1
2
∇ଶ߰ + ௗܸ(ܺ)߰ + ܺ                        ,ௗ|߰|ଶ߰ߚ ∈ ℝௗ , ݐ ≥ 0 

߰(ܺ, 0) = ߰଴(ܺ),         ܺ ∈ ℝௗ ,         

where ௗܸ(ܺ) is the trapping potential and ߚௗ is a real constant. Numerical results are very encouraging and reveal the 

efficiency of proposed scheme (HAM).  

2. Homotopy Analysis Method (HAM) [1-21] 

We consider the following equation 

  ෩ܰ[ݑ(߬)] = 0,                                                                                                              (1) 

where ෩ܰ is a nonlinear operator, ߬ denotes dependent variables and ݑ(߬) is an unknown function. For simplicity, we 

ignore all boundary and initial conditions, which can be treated in the similar way. By means of HAM L [1-21] 

constructed zero-order deformation equation 

 (1 − (݌;߬)∅]ℒ(݌ − [(߬)଴ݑ = ℏ݌ ෩ܰ[∅(߬;  (2)                                                         ,[(݌

Where ℒ is a linear operator, ݑ଴(߬) is an initial guess, ℏ ≠ 0 is an auxiliary parameter and ݌ ∈ [0,1] is the embedding 

parameter. It is obvious that when p=0 and 1, it holds  

 ℒ[∅(߬; 0) − [(߬)଴ݑ = 0   ⟹   ∅(߬; 0) =  ଴(߬),                                                    (3)ݑ

       ℏ ෩ܰ[∅(߬; 1)]  = 0 ⟹  ∅(߬; 1) =  (4)                                                                   ,(߬)ݑ 

respectively. The solution ∅(߬; ଴(߬) to solutionݑ varies from initial guess (݌ ;߬)∅  Liao [18] expanded .(߬)ݑ  (݌  in 

Taylor series about the embedding parameter   

∅(߬; (݌ = (߬)଴ݑ + ෍ ௠݌(߬)௠ݑ
ஶ

௠ୀଵ

,                                                                                           (5) 

where  

(߬)௠ݑ =  
1
݉!

 
߲௠∅(߬; (݌
௠݌߲

 |
݌ = 0                                                                                         (6) 

The convergence of (5) depends on the auxiliary parameter ℏ. If this series is convergent at p=1, 
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∅(τ; 1) = u଴(τ) + ෍ u୫(τ)
ஶ

୫ୀଵ

,                                                                                                   (7) 

Define vector 

ሬ⃗ݑ  ௡ = ,(߬)ଶݑ,(߬)ଵݑ,(߬)଴ݑ} ,(߬)ଷݑ … … …  {(߬)௡ݑ,

If we differentiate the zeroth-order deformation equation Eq. (2) ݉-times with respect to ݌ and then divide them ݉! and 

finally set ݌ = 0, we obtain the following ݉th-order deformation equation 

  ℒ[ݑ௠(߬) − ܺ௠ݑ௠ିଵ(߬)] = ℏℜ௠(ݑሬ⃗ ௠ିଵ),                                                                      (8) 

where  

ℜ௠(ݑሬ⃗ ௠ିଵ) =
1

(݉− 1)!
 
߲௠ିଵ ෩ܰ[∅(߬; [(݌

௠ିଵ݌߲  |
݌ = 0                                                          (9) 

and  

ܺ௠ = ቄ0,      ݉ ≤ 1,
1,       ݉ > 1,                                                                                                           (10)  

If we multiply with ℒିଵ each side of Eq. (8), we will obtain the following ݉ th order deformation equation  

(߬)௠ݑ  = ܺ௠ݑ௠ିଵ(߬) + ℏ ℜ௠ ሬ⃗ݑ)  ௠ିଵ) 

3. Numerical Applications 

 In this section, we apply Homotopy Analysis Method (HAM) on the required problems. Numerical results are highly 

encouraging. 

Example 1: Consider the following one dimensional Schrödinger equation 

݅
,ݔ)߲߰ (ݐ
ݐ߲

=   −
1
2
߲ଶ߰
ଶݔ߲

− |߰|ଶ߰,                         ݐ ≥ 0,                                            (11) 

subject to the initial condition 

,ݔ)߰ 0) = ݁௜௫ ݐ                         , ≥ 0, 

To solve equation (1) by HAM, the linear operator is defined as 

,ݔ)߮]ܮ ;ݐ [(ݍ =
߲ఈ

ఈݐ߲
,ݔ)߮] ;ݐ 0            ,[(ݍ < ≥ ߙ ଵିܮ               ,1 = .)ఈ∗ܬ ), 
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With the property [ܥ]ܮ = 0,  where ܥ is constant of integration 

and the non-linear operator is defined as 

,ݔ)߮]ܰ ;ݐ [(ݍ = − డ
డ௧
߮(x, t; q) + ௜

ଶ
డమ

ப୶మ
߮(x, t; q) + ݅|߮(x, t; q)|ଶ߮(x, t; q).  

The zeroth order deformation is, 

(1 − ,ݔ)߮ൣ ܮ(ݍ ;ݐ ,ݔ)଴߰—(ݍ ൧(ݐ = ,ݔ)߮] ℎܰݍ  (12)     .[(ݍ;ݐ

where ݍ ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; ߰଴(ݔ,  .is initial guess (ݐ

for ݍ =  0, ߮(x, t; 0) =  ߰଴(x, t),  

for ݍ = ,ݔ)߮      ,1  ;ݐ 1) = ,ݔ)߰    ,(ݐ

thus as ݍ increses from 0 1 ݋ݐ the solution ߰(ݔ, ;ݐ ,ݔ)varies from the initial guess ߰଴ (ݍ ,ݔ)߰ to the solution (ݐ  By .(ݐ

Taylor series expansion, we have 

,ݔ)߮ ;ݐ (ݍ = ,ݔ)߮ ;ݐ 0) + డ ݍ
డ௧
,ݔ)߮ ;ݐ (ݍ + ଶݍ డమ

డ௤మ
,ݔ)߮ ;ݐ 0) + ଷݍ డయ

డ௤య
,ݔ)߮ ;ݐ 0) + ⋯,   

= ߰଴(ݔ, (ݐ  + ∑ ߰௠ஶ
௠ୀଵ ௠ݍ ,         (13) 

߰௠  = ଵ
௠!

డ೘ఝ(௫,௧;௤)
డ௤೘

ݍ ݐܽ       , = 0,  

For ݍ = 1 eq (3) implies 

,ݔ)߰ (ݐ  =  ߰଴(ݔ, (ݐ  + ∑ ߰௠(ݔ, ஶ.(ݐ
௠ୀଵ   

Differentiating (2) with respect to embedding parameter q, setting ݍ = 0 and dividing by ! , the mth-order deformation 

is 

,ݔ)௠߰]ܮ (ݐ − ߯௠߰௠ିଵ(ݔ, [(ݐ = ℎ ܴ௠(߰௠ିଵ),  

௠(߰௠ିଵ)ܴ  ݁ݎℎ݁ݓ =
1

(݉− 1)!
߲௠ିଵܰ[߮(ݔ, ;ݐ (ݍ

௠ିଵݍ߲ . 

߯௠ = ቄ0 ݉ ≤ 1,
1 ݉ < 1.  

By taking ߰଴(ݔ, ݐ = ݁௜௫ , differentiate eq (2) with respect to ݍ and setting ݍ = 0, we have 
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ܮ   ቂ డ

డ௤
,ݔ)߮ ;ݐ 0)ቃ = ℎܰ[߮(ݔ, ;ݐ 0)], 

,ݔ)ଵ߰]ܮ [(ݐ = ℎ ቈ−
߲
ݐ߲
߮(x, t; 0) +

݅
2
߲ଶ

∂xଶ
߮(x, t; 0) + ݅|߮(x, t; 0)|ଶ߮(x, t; 0)቉, 

,ݔ)ଵ߰]ܮ [(ݐ = ℎ ቈ−
߲
ݐ߲
݁௜௫ +

݅
2
߲ଶ

∂xଶ
݁௜௫ + ݅ห݁௜௫ห

ଶ
݁௜௫቉, 

߰ଵ(ݔ, (ݐ = ℎିܮଵ ൤
݅
2
݁௜௫൨ , 

    = ℎ ܬఈ  ቂ௜
ଶ
݁௜௫ቃ, 

    = ℎ ௜
ଶ
݁௜௫ ቂ ௧ഀ

௰(ఈାଵ)ቃ, 

߰ଶ(ݔ, (ݐ = − ଵ
ସ
ℎଶ݁௜௫ ቂ ௧మഀ

௰(ଶఈାଵ) ቃ,  

߰ଷ(ݔ, (ݐ  =  −
1
8
ℎଷ݅݁௜௫ ቈ

ଷఈݐ

ߙ3)߁ + 1) ቉, 

. 

. 

..  

The series solution is given by  

,ݔ)߰ (ݐ =  ߰଴(ݔ, (ݐ +  ߰ଵ(ݔ, (ݐ + ߰ଶ(ݔ, (ݐ + ߰ଷ(ݔ, (ݐ + ⋯,  

,ݔ)߰ (ݐ = ݁௜௫  + ℎ ௜
ଶ
݁௜௫ ቂ ௧ഀ

௰(ఈାଵ)ቃ+ − ଵ
ସ
ℎଶ݁௜௫ ቂ ௧మഀ

௰(ଶఈାଵ) ቃ +  − ଵ
଼
ℎଷ݅݁௜௫ ቂ ௧యഀ

௰(ଷఈାଵ) ቃ…,  

For = 1 ܽ݊݀ ℎ = 1 , we have  

,ݔ)߰ (ݐ =  ݁௜௫ ቂ1 + ଵ
ଶ
+ ݐ݅ ଵ

ଶ!
 (ଵ
ଶ
ଶ(ݐ݅  + ଵ

ଷ!
 (ଵ
ଶ
ଷ(ݐ݅  + ⋯ቃ,  

      =   ݁௜௫݁
೔೟
మ , 

      = ݁௜ቀ௫ା
೟
మቁ, 

which is the exact solution.   
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1 ݁ݎݑ݃݅ܨ ∶  

−     ݎ݋ܨ 1 ≤ ݔ ≤ 1,   − 10 ≤ ݐ ≤ 10  

 

 

 :2 ݁ݎݑ݃݅ܨ

−     ݎ݋ܨ 100 ≤ ݔ ≤ 100,   − 0.5 ≤ ݐ ≤ 0.5  

 

 

 

 :3 ݁ݎݑ݃݅ܨ

−     ݎ݋ܨ 100 ≤ ݔ ≤ 100,   − 0.5 ≤ ݐ ≤ 0.5  

 

 

 :4 ݁ݎݑ݃݅ܨ

−     ݎ݋ܨ  1 ≤ ݔ ≤ 1,   − 10 ≤ ݐ ≤ 10   

 

 

Example 2: Consider the following one dimensional Schrödinger equation 

݅
,ݔ)߲߰ (ݐ
ݐ߲

=   −
1
2
߲ଶ߰
ଶݔ߲

+ ݔଶݏ݋ܿ߰ + |߰|ଶ߰,                         ݐ ≥ 0,                                            (14) 

subject to the initial condition 
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,ݔ)߰ 0) =            ,ݔ݊݅ݏ

To solve equation (1) by HAM, the linear operator is defined as 

,ݔ)߮]ܮ ;ݐ [(ݍ =
߲ఈ

ఈݐ߲
,ݔ)߮] ;ݐ 0            ,[(ݍ < ≥ ߙ ଵିܮ               ,1 = .)ఈ∗ܬ ), 

With the property [ܥ]ܮ = 0,  where ܥ is constant of integration 

and the non-linear operator is defined as 

,ݔ)߮]ܰ ;ݐ [(ݍ = − డ
డ௧
߮(x, t; q) + ௜

ଶ
డమ

ப୶మ
߮(x, t; q) − ݅߮(x, t; q)ܿݏ݋ଶݔ − ݅|߮(x, t; q)|ଶ߮(x, t; q).  

The zeroth order deformation is, 

(1 − ,ݔ)߮ൣ ܮ(ݍ ;ݐ ,ݔ)଴߰—(ݍ ൧(ݐ = ,ݔ)߮] ℎܰݍ  (15)     .[(ݍ;ݐ

where ݍ ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; ߰଴(ݔ,  .is initial guess (ݐ

for ݍ =  0, ߮(x, t; 0) =  ߰଴(x, t),  

for ݍ = ,ݔ)߮      ,1  ;ݐ 1) = ,ݔ)߰    ,(ݐ

thus as ݍ increses from 0 1 ݋ݐ the solution ߰(ݔ, ;ݐ ,ݔ)varies from the initial guess ߰଴ (ݍ ,ݔ)߰ to the solution (ݐ  By .(ݐ

Taylor series expansion, we have 

,ݔ)߮ ;ݐ (ݍ = ,ݔ)߮ ;ݐ 0) + డ ݍ
డ௧
,ݔ)߮ ;ݐ (ݍ + ଶݍ డమ

డ௤మ
,ݔ)߮ ;ݐ 0) + ଷݍ డయ

డ௤య
,ݔ)߮ ;ݐ 0) + ⋯,   

= ߰଴(ݔ, (ݐ  + ∑ ߰௠ஶ
௠ୀଵ ௠ݍ ,         (16) 

߰௠  = ଵ
௠!

డ೘ఝ(௫,௧;௤)
డ௤೘

ݍ ݐܽ       , = 0,  

For ݍ = 1 eq (3) implies 

,ݔ)߰ (ݐ  =  ߰଴(ݔ, (ݐ  + ∑ ߰௠(ݔ, ஶ.(ݐ
௠ୀଵ   

Differentiating (2) w.r.t embedding parameter q, setting ݍ = 0 and dividing by ! , the mth-order deformation is 

,ݔ)௠߰]ܮ (ݐ − ߯௠߰௠ିଵ(ݔ, [(ݐ = ℎ ܴ௠(߰௠ିଵ),  

௠(߰௠ିଵ)ܴ  ݁ݎℎ݁ݓ =
1

(݉− 1)!
߲௠ିଵܰ[߮(ݔ, ;ݐ (ݍ

௠ିଵݍ߲ . 
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߯௠ = ቄ0 ݉ ≤ 1,
1 ݉ < 1.  

By taking ߰଴(ݔ, ݐ = ݍ and setting ݍ differentiating (2) w.r.t ,ݔ݊݅ݏ = 0, we have 

ܮ   ቂ డ
డ௤
,ݔ)߮ ;ݐ 0)ቃ = ℎܰ[߮(ݔ, ;ݐ 0)], 

,ݔ)ଵ߰]ܮ [(ݐ = ℎ ቈ−
߲
ݐ߲
߮(x, t; 0) +

݅
2
߲ଶ

∂xଶ
߮(x, t; 0) − ݅߮(x, t; ݔଶݏ݋ܿ(0 + ݅|߮(x, t; 0)|ଶ߮(x, t; 0)቉, 

,ݔ)ଵ߰]ܮ [(ݐ = ℎ ቈ−
߲
ݐ߲
ݔ݊݅ݏ +

݅
2
߲ଶ

∂xଶ
ݔ݊݅ݏ − ݔଶݏ݋ܿݔ݊݅ݏ݅ +  ,቉ݔ݊݅ݏଶ|ݔ݊݅ݏ|݅

߰ଵ(ݔ, (ݐ = ℎିܮଵ ൤−
3݅
2
൨ݔ݊݅ݏ , 

    = ℎ ܬఈ ቂ− ଷ௜
ଶ
 , ቃݔ݊݅ݏ

    = ℎ ቂ− ଷ௜
ଶ
ݔ݊݅ݏ ௧ഀ

௰(ఈାଵ)ቃ, 

߰ଶ(ݔ, (ݐ = ℎଶ ቂ− ଽ
ସ
ݔ݊݅ݏ ௧మഀ

௰(ଶఈାଵ)ቃ,  

߰ଷ(ݔ, (ݐ  = ℎଷ ቈ
27
8
ݔ݊݅ݏ݅

ଷఈݐ

ߙ3)߁ + 1)቉,  

. 

. 

..  

The series solution is given by  

,ݔ)߰ (ݐ =  ߰଴(ݔ, (ݐ +  ߰ଵ(ݔ, (ݐ + ߰ଶ(ݔ, (ݐ + ߰ଷ(ݔ, (ݐ + ⋯,  

,ݔ)߰ (ݐ = + 1]ݔ݊݅ݏ ℎ ቂ− ଷ௜
ଶ

௧ഀ

௰(ఈାଵ)ቃ + ℎଶ ቂ− ଽ
ସ

௧మഀ

௰(ଶఈାଵ)ቃ + ℎଷ ቂଶ଻
଼
݅ ௧యഀ

௰(ଷఈାଵ)ቃ + …,  

For = 1 ܽ݊݀ ℎ = 1 , we have  

,ݔ)߰ (ݐ = ݔ݊݅ݏ  ቂ1 + (− ଷ
ଶ
(ݐ݅  + ଵ

ଶ!
 (− ଷ

ଶ
ଶ(ݐ݅  + ଵ

ଷ!
 (− ଷ

ଶ
ଷ(ݐ݅  + ⋯ቃ,  
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      = ݁ݔ݊݅ݏ  
షయ೔೟
మ , 

      which is the exact solution. 

 
−     ݎ݋ܨ:5 ݁ݎݑ݃݅ܨ            2 ≤ ݔ ≤ 10,   − 2 ≤ ݐ ≤ 10 

 
−     ݎ݋ܨ :6 ݁ݎݑ݃݅ܨ    2 ≤ ݔ ≤ 10,   − 2 ≤ ݐ ≤ 10, 

 

−     ݎ݋ܨ :7 ݁ݎݑ݃݅ܨ   100 ≤ ݔ ≤ 100,   − 100 ≤ ݐ ≤ 100, 
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−     ݎ݋ܨ:7 ݁ݎݑ݃݅ܨ   100 ≤ ݔ ≤ 100,   − 100 ≤ ݐ ≤ 100, 

 
−     ݎ݋ܨ:8 ݁ݎݑ݃݅ܨ 200 ≤ ݔ ≤ 200,   − 200 ≤ ݐ ≤ 200, 

 

−     ݎ݋݂                   200 ≤ ݔ ≤ 200,   − 200 ≤ ݐ ≤ 200, 

Example 3: Consider the following two dimensional Schrödinger equation 
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݅
,ݕ,ݔ)߲߰ (ݐ

ݐ߲
=   −

1
2
ቆ
߲ଶ߰
ଶݔ߲

+
߲ଶ߰
ଶݕ߲

ቇ+ ߰(ݕ,ݔ)ܸ + |߰|ଶ߰,                     (ݕ,ݔ) ∈ [ߨ0,2] ×      ,[ߨ0,2]

subject to the initial  condition 

,ݕ,ݔ)߰ 0) =            ,ݕ݊݅ݏ ݔ݊݅ݏ

where ܸ(ݕ,ݔ) = 1−  ,ݕଶ݊݅ݏݔଶ݊݅ݏ

To solve equation (1) by HAM, the linear operator is defined as 

,ݕ,ݔ)߮]ܮ ;ݐ [(ݍ =
߲ఈ

ఈݐ߲
,ݕ,ݔ)߮] ;ݐ 0            ,[(ݍ < ≥ ߙ ଵିܮ               ,1 = .)ఈ∗ܬ ), 

With the property [ܥ]ܮ = 0,  where ܥ is constant of integration 

and the non-linear operator is defined as 

,ݔ)ܰ ,ݕ ;ݐ (ݍ =

− డ
డ௧
߮(x, y, t; q) + ௜

ଶ
ቆ డమ

ப୶మ
߮(x, y, t; q) + డ

మ

ப୷మ
߮(x, y, t; q)ቇ − ݅߮(x, y, t; q)ܸ(ݕ,ݔ)−

                            ݅|߮(x, y, t; q)|ଶ߮(x, y, t; q).                         

The zeroth order deformation is, 

(1 − ,ݕ,ݔ)߮ൣ ܮ(ݍ ;ݐ ,ݕ,ݔ)଴߰—(ݍ ൧(ݐ = ,ݕ,ݔ)߮] ℎܰݍ ;ݐ  (17)     .[(ݍ

where ݍ ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; ߰଴(ݕ,ݔ,  .is initial guess (ݐ

for ݍ =  0, ߮(x, y, t; 0) =  ߰଴(x, y, t),  

for ݍ = ,ݕ,ݔ)߮      ,1  ;ݐ 1) = ,ݕ,ݔ)߰    ,(ݐ

thus as ݍ increses from 0 1 ݋ݐ the solution ߰(ݕ,ݔ, ,ݕ,ݔ)varies from the initial guess ߰଴ (ݍ;ݐ ,ݕ,ݔ)߰ to the solution (ݐ  .(ݐ

By Taylor’s series expansion, we have 

,ݕ,ݔ)߮ (ݍ;ݐ = ,ݕ,ݔ)߮ ;ݐ 0) + డ ݍ
డ௧
,ݕ,ݔ)߮ ;ݐ (ݍ + ଶݍ డమ

డ௤మ
,ݕ,ݔ)߮ ;ݐ 0) + ଷݍ డయ

డ௤య
,ݕ,ݔ)߮ ;ݐ 0) + ⋯,   

= ߰଴(ݕ,ݔ, (ݐ  + ∑ ߰௠ஶ
௠ୀଵ ௠ݍ ,         (18) 

߰௠  = ଵ
௠!

డ೘ఝ(௫,௬,௧;௤)
డ௤೘

ݍ ݐܽ       , = 0,  

For ݍ = 1 eq (3) implies 
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,ݕ,ݔ)߰ (ݐ  =  ߰଴(ݕ,ݔ, (ݐ  + ∑ ߰௠(ݕ,ݔ, ஶ.(ݐ
௠ୀଵ   

Differentiating (2) wrt embedding parameter q, setting ݍ = 0 and dividing by ! , the mth-order deformation is 

,ݕ,ݔ)௠߰]ܮ (ݐ − ߯௠߰௠ିଵ(ݕ,ݔ, [(ݐ = ℎ ܴ௠(߰௠ିଵ),  

௠(߰௠ିଵ)ܴ  ݁ݎℎ݁ݓ =
1

(݉− 1)!
߲௠ିଵܰ[߮(ݕ,ݔ, ;ݐ (ݍ

௠ିଵݍ߲ . 

߯௠ = ቄ0 ݉ ≤ 1,
1 ݉ < 1.  

By taking ߰଴(ݔ, ݐ = ݍ and setting ݍ differentiating (2) w.r.t ,ݕ݊݅ݏݔ݊݅ݏ = 0, we have 

ܮ   ቂ డ
డ௤
,ݕ,ݔ)߮ ;ݐ 0)ቃ = ℎܰ[߮(ݕ,ݔ, ;ݐ 0)], 

,ݔ)ଵ߰]ܮ [(ݐ = ℎ ቈ−
߲
ݐ߲
߮(x, y, t; 0) +

݅
2

(
߲ଶ

∂xଶ
߮(x, y, t; 0) +

߲ଶ

∂yଶ
߮(x, y, t; 0)) − ݅߮(x, y, t; 0)(1 − (ݕଶ݊݅ݏݔଶ݊݅ݏ

+ ݅|߮(x, y, , t; 0)|ଶ߮(x, y, t; 0)቉, 

,ݕ,ݔ)ଵ߰]ܮ [(ݐ = ℎ ቈ−
߲
ݐ߲
ݕ݊݅ݏݔ݊݅ݏ +

݅
2

(
߲ଶ

∂xଶ
ݕ݊݅ݏݔ݊݅ݏ +

߲ଶ

∂yଶ
(ݕ݊݅ݏݔ݊݅ݏ − −1)ݕ݊݅ݏݔ݊݅ݏ݅ (ݕଶ݊݅ݏݔଶ݊݅ݏ

+  ,቉ݕ݊݅ݏݔ݊݅ݏଶ|ݕ݊݅ݏݔ݊݅ݏ|݅

߰ଵ(ݕ,ݔ, (ݐ = ℎିܮଵ[−2݅ݕ݊݅ݏݔ݊݅ݏ], 

    = ℎ ܬఈ[−2݅ݕ݊݅ݏݔ݊݅ݏ] , 

    = ℎ ቂ−2݅ݕ݊݅ݏݔ݊݅ݏ ௧ഀ

௰(ఈାଵ)ቃ, 

߰ଶ(ݕ,ݔ, (ݐ = ℎଶ ቂ−4ݕ݊݅ݏݔ݊݅ݏ ௧మഀ

௰(ଶఈାଵ)ቃ,  

߰ଷ(ݕ,ݔ, (ݐ  = ℎଷ ቈ8݅ݕ݊݅ݏݔ݊݅ݏ
ଷఈݐ

ߙ3)߁ + 1)቉,  

. 

. 

..  
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The series solution is given by  

,ݕ,ݔ)߰ (ݐ =  ߰଴(ݔ, ,ݕ (ݐ +  ߰ଵ(ݕ,ݔ, (ݐ + ߰ଶ(ݕ,ݔ, (ݐ + ߰ଷ(ݕ,ݔ, (ݐ + ⋯,  

,ݕ,ݔ)߰ (ݐ = + 1]ݕ݊݅ݏݔ݊݅ݏ ℎ ቂ−2݅ ௧ഀ

௰(ఈାଵ)ቃ + ℎଶ ቂ−4 ௧మഀ

௰(ଶఈାଵ)ቃ + ℎଷ ቂ8݅ ௧యഀ

௰(ଷఈାଵ)ቃ] +  …,  

For = 1 ܽ݊݀ ℎ = 1 , we have  

,ݕ,ݔ)߰ (ݐ = ݕ݊݅ݏݔ݊݅ݏ  ቂ1 + (ݐ2݅−)  + ଵ
ଶ!

ଶ(ݐ2݅−)   + ଵ
ଷ!

ଷ(ݐ2݅−)   + ⋯ቃ,  

      = ଶ௜௧ି݁ݕ݊݅ݏݔ݊݅ݏ   , 

which is exact solution. 

 
−     ݎ݋݂   ݐݎܽ݌ ݈ܴܽ݁ :9 ݁ݎݑ݃݅ܨ  1 ≤ ݔ ≤ 10,   − 1 ≤ ݐ ≤ 10, 

 
−     ݐݎܽ݌ ݕݎܽ݊݅݃ܽ݉݅ ݎ݋ܨ:10 ݁ݎݑ݃݅ܨ 1 ≤ ݔ ≤ 10,   − 1 ≤ ݐ ≤ 10, 
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ݎܽ݌ ݈ܽ݁ݎ ݎ݋ܨ:11 ݁ݎݑ݃݅ܨ − 10 ≤ ݔ ≤ 20,−10 ≤ ݕ ≤ 20, −10 ≤ ݐ ≤ 20  

 

−     ݐݎܽ݌ ݈ܽ݁ݎ ݎ݋ܨ:12 ݁ݎݑ݃݅ܨ 100 ≤ ݔ ≤ 100,−100 ≤ ݕ ≤ 100,     − 100 ≤ ݐ ≤ 100  

 

−     ݐݎܽ݌ ݕݎܽ݊݅݃ܽ݉݅ ݎ݋ܨ:13 ݁ݎݑ݃݅ܨ 10 ≤ ݔ ≤ 20,−10 ≤ ݕ ≤ 20,     − 10 ≤ ݐ ≤ 20  
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ݐݎܽ݌ ݕݎܽ݊݅݃ܽ݉݅ ݎ݋ܨ:14 ݁ݎݑ݃݅ܨ − 100 ≤ ݔ ≤ 100,−100 ≤ ݕ ≤ 100, −100 ≤ ݐ ≤ 100  

 

Example 4: Consider the following three dimensional Schrödinger equation 

݅ డట(௫,௬,௭,௧)
డ௧

=   − ଵ
ଶ
ቀడ

మట
డ௫మ

+ డమట
డ௬మ

+ డమట
డ௭మ

ቁ+ ,ݕ,ݔ)ܸ ߰(ݖ + |߰|ଶ߰,                                                  (19) 

 

,ݕ,ݔ) (ݖ ∈ [ߨ0,2] × [ߨ0,2] ×      ,[ߨ0,2]

subject to the initial  condition 

,ݕ,ݔ)߰ ,ݖ 0) =            ,ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ

where ܸ(ݕ,ݔ, (ݖ = 1 −  ,ݖଶ݊݅ݏݕଶ݊݅ݏݔଶ݊݅ݏ

To solve equation (19) by HAM, the linear operator is defined as 

,ݕ,ݔ)߮]ܮ ,ݖ ;ݐ [(ݍ =
߲ఈ

ఈݐ߲
,ݕ,ݔ)߮] ,ݖ ;ݐ 0            ,[(ݍ < ≥ ߙ ଵିܮ               1 = .)ఈ∗ܬ ) 

with the property [ܥ]ܮ = 0,  where ܥ is constant of integration and the non-linear operator is defined as 

,ݕ,ݔ)߮]ܰ ,ݖ ;ݐ [(ݍ = − డ
డ௧
߮(x, y, z, t; q) + ௜

ଶ
ቆ డమ

ப୶మ
߮(x, y, z, t; q) + డమ

ப୷మ
߮(x, y, z, t; q) +  డ

మ

ப୸మ
߮(x, y, z, t; q)ቇ −

݅߮(x, y, z, t; q)ܸ(ݕ,ݔ, (ݖ −   ݅|߮(x, y, z, t; q)|ଶ߮(x, y, z, t; q).  

The zeroth-order deformation is, 
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(1− ,ݕ,ݔ)߮ൣ ܮ(ݍ ,ݖ ;ݐ ,ݕ,ݔ)଴߰—(ݍ ,ݖ ൧(ݐ = ,ݕ,ݔ)߮] ℎܰݍ ,ݖ ;ݐ  (20)     .[(ݍ

where ݍ ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; ߰଴(ݕ,ݔ, ,ݖ  .is initial guess (ݐ

for ݍ =  0, ߮(x, y, z, t; 0) =  ߰଴(x, y, z, t),  

for ݍ = ,ݕ,ݔ)߮      ,1  ,ݖ ;ݐ 1) = ,ݕ,ݔ)߰  ,ݖ   ,(ݐ

thus as ݍ increses from 0 1 ݋ݐ the solution ߰(ݕ,ݔ, ,ݖ ;ݐ ,ݕ,ݔ)varies from the initial guess ߰଴ (ݍ ,ݖ  to the solution (ݐ

,ݕ,ݔ)߰ ,ݖ  By Taylor’s series expansion, we have .(ݐ

,ݕ,ݔ)߮         ,ݖ ;ݐ (ݍ =

,ݕ,ݔ)߮ ,ݖ ;ݐ 0) + డ ݍ
డ௧
,ݕ,ݔ)߮ ,ݖ ;ݐ 0) + ଶݍ డమ

డ௤మ
,ݕ,ݔ)߮ ,ݖ ;ݐ 0) ଷݍ                                  + డయ

డ௤య
,ݕ,ݔ)߮ ,ݖ ;ݐ 0) + ⋯,                   

= ߰଴(ݕ,ݔ, ,ݖ (ݐ  + ∑ ߰௠ஶ
௠ୀଵ ௠ݍ ,         (21) 

߰௠  = ଵ
௠!

డ೘ఝ(௫,௬,௭,௧;௤)
డ௤೘

ݍ ݐܽ       , = 0,  

For ݍ = 1 eq (3) implies 

,ݔ)߰ ,ݕ ,ݖ (ݐ  =  ߰଴(ݕ,ݔ, ,ݖ (ݐ  +  ∑ ߰௠(ݕ,ݔ, ,ݖ ஶ.(ݐ
௠ୀଵ   

Differentiating (2) wrt embedding parameter q, setting ݍ = 0 and dividing by ! , the mth-order deformation is 

,ݕ,ݔ)௠߰]ܮ ,ݖ (ݐ − ߯௠߰௠ିଵ(ݕ,ݔ, ,ݖ [(ݐ = ℎ ܴ௠(߰௠ିଵ),  

௠(߰௠ିଵ)ܴ  ݁ݎℎ݁ݓ =
1

(݉ − 1)!
߲௠ିଵܰ[߮(ݕ,ݔ, ,ݖ ;ݐ (ݍ

௠ିଵݍ߲ . 

߯௠ = ቄ0 ݉ ≤ 1,
1 ݉ < 1.  

By taking ߰଴(ݔ, ݐ = ݍ and setting ݍ differentiating (2) w.r.t ,ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ = 0, we have 

ܮ   ቂ డ
డ௤
,ݕ,ݔ)߮ ,ݖ ;ݐ 0)ቃ = ℎܰ[߮(ݕ,ݔ, ,ݖ ;ݐ 0)], 

,ݕ,ݔ)ଵ߰]ܮ ,ݖ [(ݐ = ℎ ቈ− డ
డ௧
,ݕ,ݔ))߮ ,ݖ (ݐ + ௜

ଶ
ቆ డమ

ப୶మ
߮(x, y, z, t; 0) + డమ

ப୷మ
߮(x, y, z, t; 0) + డమ

ப୸మ
߮(x, y, z, t; 0)ቇ −

݅߮x,y,t;01−2݊݅ݏݕ2݊݅ݏݔ2݊݅ݏz−݅߮x,y,z,t;02߮x,y,z,t;0,  
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,ݕ,ݔ)ଵ߰]ܮ ,ݖ [(ݐ = ℎ ቂ− డ
డ௧
ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ + ௜

ଶ
ቀ డ

మ

ப୶మ
ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ + డమ

ப୷మ
ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ + డమ

ப୸మ
ቁݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ −

  ,ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ2ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅−ݖ2݊݅ݏݕ2݊݅ݏݔ2݊݅ݏ−1ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅

߰ଵ(ݕ,ݔ, ,ݖ (ݐ = ℎିܮଵ ቂ− ହ
ଶ
  ,ቃݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅

    = ℎ ܬఈ ቂ− ହ
ଶ
 , ቃݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅

    = ℎ ቂ− ହ
ଶ
ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅ ௧ഀ

௰(ఈାଵ)ቃ, 

߰ଶ(ݕ,ݔ, ,ݖ (ݐ = ℎଶ ቂ− ଶହ
ସ
ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅ ௧మഀ

௰(ଶఈାଵ)ቃ,  

߰ଷ(ݔ, ,ݕ ,ݖ (ݐ  = ℎଷ ቈ
125

8
ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ݅

ଷఈݐ

ߙ3)߁ + 1)቉,  

. 

. 

..  

The series solution is given by  

,ݔ)߰ ,ݕ ,ݖ (ݐ =  ߰଴(ݕ,ݔ, ,ݖ (ݐ + ߰ଵ(ݕ,ݔ, ,ݖ (ݐ + ߰ଶ(ݔ, ,ݕ ,ݖ (ݐ + ߰ଷ(ݕ,ݔ, ,ݖ (ݐ + ⋯,  

,ݔ)߰ ,ݕ ,ݖ (ݐ = + 1]ݖ݊݅ݏݕ݊݅ݏݔ݊݅ݏ ℎ ቂ− ହ
ଶ
݅ ௧ഀ

௰(ఈାଵ)ቃ + ℎଶ ቂ− ଶହ
ସ

௧మഀ

௰(ଶఈାଵ)ቃ + ℎଷ ቂଵଶହ
଼
݅ ௧యഀ

௰(ଷఈାଵ)ቃ] +  …,  

For = 1 ܽ݊݀ ℎ = 1 , we have  

,ݔ)߰ ,ݕ (ݐ = ݕ݊݅ݏݔ݊݅ݏ  ቂ1 + (− ହ
ଶ
(ݐ݅  + ଵ

ଶ!
 (− ହ

ଶ
ଶ(ݐ݅  + ଵ

ଷ!
 (− ହ

ଶ
ଷ(ݐ݅  + ⋯ ቃ,  

      = ି݁ݖ݊݅ݏ ݕ݊݅ݏ ݔ݊݅ݏ  
ఱ
మ௜௧ , 

which is the exact  solution. 
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(ݖ)sin ݐݎܽ݌ ݈ܽ݁ݎ ݎ݋ܨ:15 ݁ݎݑ݃݅ܨ = −1,   − 100 ≤ ݔ ≤ 100,−100 ≤ ݕ ≤ 100,     − 100 ≤ ݐ ≤ 100,  

 
(ݖ)sin ݐݎܽ݌ ݕݎܽ݊݅݃ܽ݉݅ ݎ݋ܨ:16 ݁ݎݑ݃݅ܨ = −1, −100 ≤ ݔ ≤ 100,−100 ≤ ݕ ≤ 100,−100 ≤ ݐ ≤ 100,  

 

(ݖ)sin ݐݎܽ݌ ݈ܽ݁ݎ ݎ݋ܨ:17 ݁ݎݑ݃݅ܨ = −1,   − 500 ≤ ݔ ≤ 500,−500 ≤ ݕ ≤ 500,     − 10 ≤ ݐ ≤ 10,  
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(ݖ)sin ݐݎܽ݌ ݕݎܽ݊݅݃ܽ݉݅ ݎ݋ܨ:18 ݁ݎݑ݃݅ܨ = −1,   − 500 ≤ ݔ ≤ 500,−500 ≤ ݕ ≤ 500,     − 10 ≤ ݐ ≤ 10.  

4. Conclusions  
Homotopy Analysis Method (HAM) is implemented to obtain analytical solutions of nonlinear Schrödinger equations. 

Numerical results and graphical representations clearly reflect complete compatibility of the proposed algorithm and 

discussed problems.  
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