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 Abstract 
 
This paper applies Homotopy Analysis Method (HAM) to obtain analytical solutions of nonlinear Schrödinger equations. 

Numerical results clearly reflect complete compatibility of the proposed algorithm and discussed problems. Several examples are 

presented to show the efficiency and simplicity of the method. 
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1. Introduction  

 
Differential equations arise in almost all areas of the applied, physical and engineering sciences [1-21]. Recently [16-

21], lot of attention is being paid on fractional differential equations and it has been observed that number of physical 

problems is better modeled by such equations. Several numerical and analytical techniques including Perturbation, 

Modified Adomian’s Decomposition (MADM), Variational Iteration (VIM), Homotopy Perturbation (HPM) have been 

developed to solve such equations, see [16-21] and the references therein. Inspired and motivated by the ongoing 

research in this area, we apply Homotopy Analysis Method (HAM) [1-21] to obtain analytical solutions of nonlinear 

Schrödinger equations. In particular, the Schrödinger equation occurs in the various areas of physics, including 

nonlinear optics, plasma physics, super conductivity and quantum mechanics. The non-liner Schrödinger equation 
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exhibits solitary type solution. Many methods are usually used to handle the nonlinear equation such as inverse 

scattering methods, tanh method, Backlund transformation and others methods as well. 

Consider the Schrödinger equation with the following initial condition 

푖
휕휓(푋, 푡)

휕푡
= −

1
2
∇ 휓 + 푉 (푋)휓 + 훽 |휓| 휓,                        푋 ∈ ℝ , 푡 ≥ 0 

휓(푋, 0) = 휓 (푋),         푋 ∈ ℝ ,         

where 푉 (푋) is the trapping potential and 훽  is a real constant. Numerical results are very encouraging and reveal the 

efficiency of proposed scheme (HAM).  

2. Homotopy Analysis Method (HAM) [1-21] 

We consider the following equation 

  푁[푢(휏)] = 0,                                                                                                              (1) 

where 푁 is a nonlinear operator, 휏 denotes dependent variables and 푢(휏) is an unknown function. For simplicity, we 

ignore all boundary and initial conditions, which can be treated in the similar way. By means of HAM L [1-21] 

constructed zero-order deformation equation 

 (1 − 푝)ℒ[∅(휏;푝) − 푢 (휏)] = 푝ℏ푁[∅(휏; 푝)],                                                         (2) 

Where ℒ is a linear operator, 푢 (휏) is an initial guess, ℏ ≠ 0 is an auxiliary parameter and 푝 ∈ [0,1] is the embedding 

parameter. It is obvious that when p=0 and 1, it holds  

 ℒ[∅(휏; 0) − 푢 (휏)] = 0   ⟹   ∅(휏; 0) = 푢 (휏),                                                    (3) 

       ℏ푁[∅(휏; 1)]  = 0 ⟹  ∅(휏; 1) =  푢(휏),                                                                   (4) 

respectively. The solution ∅(휏; 푝) varies from initial guess 푢 (휏) to solution  푢(휏). Liao [18] expanded  ∅(휏; 푝)  in 

Taylor series about the embedding parameter   

∅(휏; 푝) = 푢 (휏) + 푢 (휏)푝 ,                                                                                           (5) 

where  

푢 (휏) =  
1
푚!

 
휕 ∅(휏; 푝)
휕푝

 |
푝 = 0                                                                                         (6) 

The convergence of (5) depends on the auxiliary parameter ℏ. If this series is convergent at p=1, 
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∅(τ; 1) = u (τ) + u (τ),                                                                                                   (7) 

Define vector 

 푢⃗ = {푢 (휏),푢 (휏),푢 (휏), 푢 (휏), … … … ,푢 (휏)} 

If we differentiate the zeroth-order deformation equation Eq. (2) 푚-times with respect to 푝 and then divide them 푚! and 

finally set 푝 = 0, we obtain the following 푚th-order deformation equation 

  ℒ[푢 (휏) − 푋 푢 (휏)] = ℏℜ (푢⃗ ),                                                                      (8) 

where  

ℜ (푢⃗ ) =
1

(푚− 1)!
 
휕 푁[∅(휏; 푝)]

휕푝
 |
푝 = 0                                                          (9) 

and  

푋 = 0,      푚 ≤ 1,
1,       푚 > 1,                                                                                                           (10)  

If we multiply with ℒ  each side of Eq. (8), we will obtain the following 푚 th order deformation equation  

 푢 (휏) = 푋 푢 (휏) + ℏ ℜ  (푢⃗ ) 

3. Numerical Applications 

 In this section, we apply Homotopy Analysis Method (HAM) on the required problems. Numerical results are highly 

encouraging. 

Example 1: Consider the following one dimensional Schrödinger equation 

푖
휕휓(푥, 푡)
휕푡

=   −
1
2
휕 휓
휕푥

− |휓| 휓,                         푡 ≥ 0,                                            (11) 

subject to the initial condition 

휓(푥, 0) = 푒 ,                         푡 ≥ 0, 

To solve equation (1) by HAM, the linear operator is defined as 

퐿[휑(푥, 푡; 푞)] =
휕
휕푡

[휑(푥, 푡; 푞)],            0 < 훼 ≤ 1,               퐿 = 퐽∗ (. ), 
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With the property 퐿[퐶] = 0,  where 퐶 is constant of integration 

and the non-linear operator is defined as 

푁[휑(푥, 푡; 푞)] = − 휑(x, t; q) + 휑(x, t; q) + 푖|휑(x, t; q)| 휑(x, t; q).  

The zeroth order deformation is, 

(1 − 푞)퐿 휑(푥, 푡; 푞)—휓 (푥, 푡) = 푞ℎ푁 [휑(푥, 푡;푞)].     (12) 

where 푞 ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; 휓 (푥, 푡) is initial guess. 

for 푞 =  0, 휑(x, t; 0) =  휓 (x, t),  

for 푞 =  1,      휑(푥, 푡; 1) =  휓(푥, 푡),  

thus as 푞 increses from 0 푡표 1 the solution 휓(푥, 푡; 푞) varies from the initial guess 휓 (푥, 푡) to the solution 휓(푥, 푡). By 

Taylor series expansion, we have 

휑(푥, 푡; 푞) = 휑(푥, 푡; 0) + 푞 휑(푥, 푡; 푞) + 푞 휑(푥, 푡; 0) + 푞 휑(푥, 푡; 0) + ⋯,   

= 휓 (푥, 푡)  + ∑ 휓 푞 ,         (13) 

휓  =
!

( , ; ),       푎푡 푞 = 0,  

For 푞 = 1 eq (3) implies 

휓(푥, 푡)  =  휓 (푥, 푡)  + ∑ 휓 (푥, 푡).  

Differentiating (2) with respect to embedding parameter q, setting 푞 = 0 and dividing by ! , the mth-order deformation 

is 

퐿[휓 (푥, 푡) − 휒 휓 (푥, 푡)] = ℎ 푅 (휓 ),  

푤ℎ푒푟푒  푅 (휓 ) =
1

(푚− 1)!
휕 푁[휑(푥, 푡; 푞)

휕푞
. 

휒 = 0 푚 ≤ 1,
1 푚 < 1.  

By taking 휓 (푥, 푡 = 푒 , differentiate eq (2) with respect to 푞 and setting 푞 = 0, we have 
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  퐿 휑(푥, 푡; 0) = ℎ푁[휑(푥, 푡; 0)], 

퐿[휓 (푥, 푡)] = ℎ −
휕
휕푡
휑(x, t; 0) +

푖
2
휕
∂x

휑(x, t; 0) + 푖|휑(x, t; 0)| 휑(x, t; 0) , 

퐿[휓 (푥, 푡)] = ℎ −
휕
휕푡
푒 +

푖
2
휕
∂x

푒 + 푖 푒 푒 , 

휓 (푥, 푡) = ℎ퐿
푖
2
푒 , 

    = ℎ 퐽  푒 , 

    = ℎ 푒 ( ) , 

휓 (푥, 푡) = − ℎ 푒 ( ) ,  

휓 (푥, 푡)  =  −
1
8
ℎ 푖푒

푡
훤(3훼 + 1) , 

. 

. 

..  

The series solution is given by  

휓(푥, 푡) =  휓 (푥, 푡) +  휓 (푥, 푡) + 휓 (푥, 푡) + 휓 (푥, 푡) + ⋯,  

휓(푥, 푡) = 푒  + ℎ 푒 ( ) + − ℎ 푒 ( ) +  − ℎ 푖푒 ( ) …,  

For = 1 푎푛푑 ℎ = 1 , we have  

휓(푥, 푡) =  푒 1 + 푖푡 +
!
 ( 푖푡)  +

!
 ( 푖푡)  + ⋯ ,  

      =   푒 푒 , 

      = 푒 , 

which is the exact solution.   
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퐹푖푔푢푟푒 1 ∶  

퐹표푟     − 1 ≤ 푥 ≤ 1,   − 10 ≤ 푡 ≤ 10  

 

 

퐹푖푔푢푟푒 2: 

퐹표푟     − 100 ≤ 푥 ≤ 100,   − 0.5 ≤ 푡 ≤ 0.5  

 

 

 

퐹푖푔푢푟푒 3: 

퐹표푟     − 100 ≤ 푥 ≤ 100,   − 0.5 ≤ 푡 ≤ 0.5  

 

 

퐹푖푔푢푟푒 4: 

 퐹표푟     − 1 ≤ 푥 ≤ 1,   − 10 ≤ 푡 ≤ 10   

 

 

Example 2: Consider the following one dimensional Schrödinger equation 

푖
휕휓(푥, 푡)
휕푡

=   −
1
2
휕 휓
휕푥

+ 휓푐표푠 푥 + |휓| 휓,                         푡 ≥ 0,                                            (14) 

subject to the initial condition 
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휓(푥, 0) = 푠푖푛푥,           

To solve equation (1) by HAM, the linear operator is defined as 

퐿[휑(푥, 푡; 푞)] =
휕
휕푡

[휑(푥, 푡; 푞)],            0 < 훼 ≤ 1,               퐿 = 퐽∗ (. ), 

With the property 퐿[퐶] = 0,  where 퐶 is constant of integration 

and the non-linear operator is defined as 

푁[휑(푥, 푡; 푞)] = − 휑(x, t; q) + 휑(x, t; q) − 푖휑(x, t; q)푐표푠 푥 − 푖|휑(x, t; q)| 휑(x, t; q).  

The zeroth order deformation is, 

(1 − 푞)퐿 휑(푥, 푡; 푞)—휓 (푥, 푡) = 푞ℎ푁 [휑(푥, 푡;푞)].     (15) 

where 푞 ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; 휓 (푥, 푡) is initial guess. 

for 푞 =  0, 휑(x, t; 0) =  휓 (x, t),  

for 푞 =  1,      휑(푥, 푡; 1) =  휓(푥, 푡),  

thus as 푞 increses from 0 푡표 1 the solution 휓(푥, 푡; 푞) varies from the initial guess 휓 (푥, 푡) to the solution 휓(푥, 푡). By 

Taylor series expansion, we have 

휑(푥, 푡; 푞) = 휑(푥, 푡; 0) + 푞 휑(푥, 푡; 푞) + 푞 휑(푥, 푡; 0) + 푞 휑(푥, 푡; 0) + ⋯,   

= 휓 (푥, 푡)  + ∑ 휓 푞 ,         (16) 

휓  =
!

( , ; ),       푎푡 푞 = 0,  

For 푞 = 1 eq (3) implies 

휓(푥, 푡)  =  휓 (푥, 푡)  + ∑ 휓 (푥, 푡).  

Differentiating (2) w.r.t embedding parameter q, setting 푞 = 0 and dividing by ! , the mth-order deformation is 

퐿[휓 (푥, 푡) − 휒 휓 (푥, 푡)] = ℎ 푅 (휓 ),  

푤ℎ푒푟푒  푅 (휓 ) =
1

(푚− 1)!
휕 푁[휑(푥, 푡; 푞)

휕푞
. 
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휒 = 0 푚 ≤ 1,
1 푚 < 1.  

By taking 휓 (푥, 푡 = 푠푖푛푥, differentiating (2) w.r.t 푞 and setting 푞 = 0, we have 

  퐿 휑(푥, 푡; 0) = ℎ푁[휑(푥, 푡; 0)], 

퐿[휓 (푥, 푡)] = ℎ −
휕
휕푡
휑(x, t; 0) +

푖
2
휕
∂x

휑(x, t; 0) − 푖휑(x, t; 0)푐표푠 푥 + 푖|휑(x, t; 0)| 휑(x, t; 0) , 

퐿[휓 (푥, 푡)] = ℎ −
휕
휕푡
푠푖푛푥 +

푖
2
휕
∂x

푠푖푛푥 − 푖푠푖푛푥푐표푠 푥 + 푖|푠푖푛푥| 푠푖푛푥 , 

휓 (푥, 푡) = ℎ퐿 −
3푖
2
푠푖푛푥 , 

    = ℎ 퐽 − 푠푖푛푥  , 

    = ℎ − 푠푖푛푥 ( ) , 

휓 (푥, 푡) = ℎ − 푠푖푛푥 ( ) ,  

휓 (푥, 푡)  = ℎ
27
8
푖푠푖푛푥

푡
훤(3훼 + 1) ,  

. 

. 

..  

The series solution is given by  

휓(푥, 푡) =  휓 (푥, 푡) +  휓 (푥, 푡) + 휓 (푥, 푡) + 휓 (푥, 푡) + ⋯,  

휓(푥, 푡) = 푠푖푛푥[1 + ℎ − ( ) + ℎ − ( ) + ℎ 푖 ( ) + …,  

For = 1 푎푛푑 ℎ = 1 , we have  

휓(푥, 푡) =  푠푖푛푥 1 + (− 푖푡)  +
!
 (− 푖푡)  +

!
 (− 푖푡)  + ⋯ ,  
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      =   푠푖푛푥푒 , 

      which is the exact solution. 

 
           퐹푖푔푢푟푒 5:퐹표푟     − 2 ≤ 푥 ≤ 10,   − 2 ≤ 푡 ≤ 10 

 
   퐹푖푔푢푟푒 6: 퐹표푟     − 2 ≤ 푥 ≤ 10,   − 2 ≤ 푡 ≤ 10, 

 

  퐹푖푔푢푟푒 7: 퐹표푟     − 100 ≤ 푥 ≤ 100,   − 100 ≤ 푡 ≤ 100, 
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  퐹푖푔푢푟푒 7:퐹표푟     − 100 ≤ 푥 ≤ 100,   − 100 ≤ 푡 ≤ 100, 

 
퐹푖푔푢푟푒 8:퐹표푟     − 200 ≤ 푥 ≤ 200,   − 200 ≤ 푡 ≤ 200, 

 

                  푓표푟     − 200 ≤ 푥 ≤ 200,   − 200 ≤ 푡 ≤ 200, 

Example 3: Consider the following two dimensional Schrödinger equation 
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푖
휕휓(푥,푦, 푡)

휕푡
=   −

1
2

휕 휓
휕푥

+
휕 휓
휕푦

+ 푉(푥,푦)휓 + |휓| 휓,                     (푥,푦) ∈ [0,2휋] × [0,2휋],     

subject to the initial  condition 

휓(푥,푦, 0) = 푠푖푛푥 푠푖푛푦,           

where 푉(푥,푦) = 1− 푠푖푛 푥푠푖푛 푦, 

To solve equation (1) by HAM, the linear operator is defined as 

퐿[휑(푥,푦, 푡; 푞)] =
휕
휕푡

[휑(푥,푦, 푡; 푞)],            0 < 훼 ≤ 1,               퐿 = 퐽∗ (. ), 

With the property 퐿[퐶] = 0,  where 퐶 is constant of integration 

and the non-linear operator is defined as 

푁(푥, 푦, 푡; 푞) =

− 휑(x, y, t; q) + 휑(x, y, t; q) + 휑(x, y, t; q) − 푖휑(x, y, t; q)푉(푥,푦)−

                            푖|휑(x, y, t; q)| 휑(x, y, t; q).                         

The zeroth order deformation is, 

(1 − 푞)퐿 휑(푥,푦, 푡; 푞)—휓 (푥,푦, 푡) = 푞ℎ푁 [휑(푥,푦, 푡; 푞)].     (17) 

where 푞 ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; 휓 (푥,푦, 푡) is initial guess. 

for 푞 =  0, 휑(x, y, t; 0) =  휓 (x, y, t),  

for 푞 =  1,      휑(푥,푦, 푡; 1) =  휓(푥,푦, 푡),  

thus as 푞 increses from 0 푡표 1 the solution 휓(푥,푦, 푡;푞) varies from the initial guess 휓 (푥,푦, 푡) to the solution 휓(푥,푦, 푡). 

By Taylor’s series expansion, we have 

휑(푥,푦, 푡;푞) = 휑(푥,푦, 푡; 0) + 푞 휑(푥,푦, 푡; 푞) + 푞 휑(푥,푦, 푡; 0) + 푞 휑(푥,푦, 푡; 0) + ⋯,   

= 휓 (푥,푦, 푡)  + ∑ 휓 푞 ,         (18) 

휓  =
!

( , , ; ),       푎푡 푞 = 0,  

For 푞 = 1 eq (3) implies 
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휓(푥,푦, 푡)  =  휓 (푥,푦, 푡)  + ∑ 휓 (푥,푦, 푡).  

Differentiating (2) wrt embedding parameter q, setting 푞 = 0 and dividing by ! , the mth-order deformation is 

퐿[휓 (푥,푦, 푡) − 휒 휓 (푥,푦, 푡)] = ℎ 푅 (휓 ),  

푤ℎ푒푟푒  푅 (휓 ) =
1

(푚− 1)!
휕 푁[휑(푥,푦, 푡; 푞)

휕푞
. 

휒 = 0 푚 ≤ 1,
1 푚 < 1.  

By taking 휓 (푥, 푡 = 푠푖푛푥푠푖푛푦, differentiating (2) w.r.t 푞 and setting 푞 = 0, we have 

  퐿 휑(푥,푦, 푡; 0) = ℎ푁[휑(푥,푦, 푡; 0)], 

퐿[휓 (푥, 푡)] = ℎ −
휕
휕푡
휑(x, y, t; 0) +

푖
2

(
휕
∂x

휑(x, y, t; 0) +
휕
∂y

휑(x, y, t; 0)) − 푖휑(x, y, t; 0)(1 − 푠푖푛 푥푠푖푛 푦)

+ 푖|휑(x, y, , t; 0)| 휑(x, y, t; 0) , 

퐿[휓 (푥,푦, 푡)] = ℎ −
휕
휕푡
푠푖푛푥푠푖푛푦 +

푖
2

(
휕
∂x

푠푖푛푥푠푖푛푦 +
휕
∂y

푠푖푛푥푠푖푛푦) − 푖푠푖푛푥푠푖푛푦(1− 푠푖푛 푥푠푖푛 푦)

+ 푖|푠푖푛푥푠푖푛푦| 푠푖푛푥푠푖푛푦 , 

휓 (푥,푦, 푡) = ℎ퐿 [−2푖푠푖푛푥푠푖푛푦], 

    = ℎ 퐽 [−2푖푠푖푛푥푠푖푛푦] , 

    = ℎ −2푖푠푖푛푥푠푖푛푦 ( ) , 

휓 (푥,푦, 푡) = ℎ −4푠푖푛푥푠푖푛푦 ( ) ,  

휓 (푥,푦, 푡)  = ℎ 8푖푠푖푛푥푠푖푛푦
푡

훤(3훼 + 1) ,  

. 

. 

..  
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The series solution is given by  

휓(푥,푦, 푡) =  휓 (푥, 푦, 푡) +  휓 (푥,푦, 푡) + 휓 (푥,푦, 푡) + 휓 (푥,푦, 푡) + ⋯,  

휓(푥,푦, 푡) = 푠푖푛푥푠푖푛푦[1 + ℎ −2푖 ( ) + ℎ −4 ( ) + ℎ 8푖 ( ) ] +  …,  

For = 1 푎푛푑 ℎ = 1 , we have  

휓(푥,푦, 푡) =  푠푖푛푥푠푖푛푦 1 + (−2푖푡)  +
!
 (−2푖푡)  +

!
 (−2푖푡)  + ⋯ ,  

      =   푠푖푛푥푠푖푛푦푒 , 

which is exact solution. 

 
 퐹푖푔푢푟푒 9: 푅푒푎푙 푝푎푟푡   푓표푟     − 1 ≤ 푥 ≤ 10,   − 1 ≤ 푡 ≤ 10, 

 
퐹푖푔푢푟푒 10:퐹표푟 푖푚푎푔푖푛푎푟푦 푝푎푟푡     − 1 ≤ 푥 ≤ 10,   − 1 ≤ 푡 ≤ 10, 



 Homotopy Analysis Method for Non-Linear Schrödinger Equations                                                                                                           97 

 
 

 

퐹푖푔푢푟푒 11:퐹표푟 푟푒푎푙 푝푎푟 − 10 ≤ 푥 ≤ 20,−10 ≤ 푦 ≤ 20, −10 ≤ 푡 ≤ 20  

 

퐹푖푔푢푟푒 12:퐹표푟 푟푒푎푙 푝푎푟푡     − 100 ≤ 푥 ≤ 100,−100 ≤ 푦 ≤ 100,     − 100 ≤ 푡 ≤ 100  

 

퐹푖푔푢푟푒 13:퐹표푟 푖푚푎푔푖푛푎푟푦 푝푎푟푡     − 10 ≤ 푥 ≤ 20,−10 ≤ 푦 ≤ 20,     − 10 ≤ 푡 ≤ 20  
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퐹푖푔푢푟푒 14:퐹표푟 푖푚푎푔푖푛푎푟푦 푝푎푟푡 − 100 ≤ 푥 ≤ 100,−100 ≤ 푦 ≤ 100, −100 ≤ 푡 ≤ 100  

 

Example 4: Consider the following three dimensional Schrödinger equation 

푖 ( , , , ) =   − + + + 푉(푥,푦, 푧)휓 + |휓| 휓,                                                  (19) 

 

(푥,푦, 푧) ∈ [0,2휋] × [0,2휋] × [0,2휋],     

subject to the initial  condition 

휓(푥,푦, 푧, 0) = 푠푖푛푥푠푖푛푦푠푖푛푧,           

where 푉(푥,푦, 푧) = 1 − 푠푖푛 푥푠푖푛 푦푠푖푛 푧, 

To solve equation (19) by HAM, the linear operator is defined as 

퐿[휑(푥,푦, 푧, 푡; 푞)] =
휕
휕푡

[휑(푥,푦, 푧, 푡; 푞)],            0 < 훼 ≤ 1               퐿 = 퐽∗ (. ) 

with the property 퐿[퐶] = 0,  where 퐶 is constant of integration and the non-linear operator is defined as 

푁[휑(푥,푦, 푧, 푡; 푞)] = − 휑(x, y, z, t; q) + 휑(x, y, z, t; q) + 휑(x, y, z, t; q) +  휑(x, y, z, t; q) −

푖휑(x, y, z, t; q)푉(푥,푦, 푧) −   푖|휑(x, y, z, t; q)| 휑(x, y, z, t; q).  

The zeroth-order deformation is, 
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(1− 푞)퐿 휑(푥,푦, 푧, 푡; 푞)—휓 (푥,푦, 푧, 푡) = 푞ℎ푁 [휑(푥,푦, 푧, 푡; 푞)].     (20) 

where 푞 ∈ [ 0 , 1 ] is an ebeding parameter, ℎ ≠ 0 is a non-zero auxiliary parameter; 휓 (푥,푦, 푧, 푡) is initial guess. 

for 푞 =  0, 휑(x, y, z, t; 0) =  휓 (x, y, z, t),  

for 푞 =  1,      휑(푥,푦, 푧, 푡; 1) =  휓(푥,푦, 푧, 푡),  

thus as 푞 increses from 0 푡표 1 the solution 휓(푥,푦, 푧, 푡; 푞) varies from the initial guess 휓 (푥,푦, 푧, 푡) to the solution 

휓(푥,푦, 푧, 푡). By Taylor’s series expansion, we have 

        휑(푥,푦, 푧, 푡; 푞) =

휑(푥,푦, 푧, 푡; 0) + 푞 휑(푥,푦, 푧, 푡; 0) + 푞 휑(푥,푦, 푧, 푡; 0) +                                  푞 휑(푥,푦, 푧, 푡; 0) + ⋯,                   

= 휓 (푥,푦, 푧, 푡)  + ∑ 휓 푞 ,         (21) 

휓  =
!

( , , , ; ),       푎푡 푞 = 0,  

For 푞 = 1 eq (3) implies 

휓(푥, 푦, 푧, 푡)  =  휓 (푥,푦, 푧, 푡)  +  ∑ 휓 (푥,푦, 푧, 푡).  

Differentiating (2) wrt embedding parameter q, setting 푞 = 0 and dividing by ! , the mth-order deformation is 

퐿[휓 (푥,푦, 푧, 푡) − 휒 휓 (푥,푦, 푧, 푡)] = ℎ 푅 (휓 ),  

푤ℎ푒푟푒  푅 (휓 ) =
1

(푚 − 1)!
휕 푁[휑(푥,푦, 푧, 푡; 푞)

휕푞
. 

휒 = 0 푚 ≤ 1,
1 푚 < 1.  

By taking 휓 (푥, 푡 = 푠푖푛푥푠푖푛푦푠푖푛푧, differentiating (2) w.r.t 푞 and setting 푞 = 0, we have 

  퐿 휑(푥,푦, 푧, 푡; 0) = ℎ푁[휑(푥,푦, 푧, 푡; 0)], 

퐿[휓 (푥,푦, 푧, 푡)] = ℎ − 휑((푥,푦, 푧, 푡) + 휑(x, y, z, t; 0) + 휑(x, y, z, t; 0) + 휑(x, y, z, t; 0) −

푖휑x,y,t;01−푠푖푛2푥푠푖푛2푦푠푖푛2z−푖휑x,y,z,t;02휑x,y,z,t;0,  



100                                                                                                                                                     International Journal of Emerging 
Multidiciplinaries 

 

퐿[휓 (푥,푦, 푧, 푡)] = ℎ − 푠푖푛푥푠푖푛푦푠푖푛푧 + 푠푖푛푥푠푖푛푦푠푖푛푧 + 푠푖푛푥푠푖푛푦푠푖푛푧 + 푠푖푛푥푠푖푛푦푠푖푛푧 −

푖푠푖푛푥푠푖푛푦푠푖푛푧1−푠푖푛2푥푠푖푛2푦푠푖푛2푧−푖푠푖푛푥푠푖푛푦푠푖푛푧2푠푖푛푥푠푖푛푦푠푖푛푧,  

휓 (푥,푦, 푧, 푡) = ℎ퐿 − 푖푠푖푛푥푠푖푛푦푠푖푛푧 ,  

    = ℎ 퐽 − 푖푠푖푛푥푠푖푛푦푠푖푛푧  , 

    = ℎ − 푖푠푖푛푥푠푖푛푦푠푖푛푧 ( ) , 

휓 (푥,푦, 푧, 푡) = ℎ − 푖푠푖푛푥푠푖푛푦푠푖푛푧 ( ) ,  

휓 (푥, 푦, 푧, 푡)  = ℎ
125

8
푖푠푖푛푥푠푖푛푦푠푖푛푧

푡
훤(3훼 + 1) ,  

. 

. 

..  

The series solution is given by  

휓(푥, 푦, 푧, 푡) =  휓 (푥,푦, 푧, 푡) + 휓 (푥,푦, 푧, 푡) + 휓 (푥, 푦, 푧, 푡) + 휓 (푥,푦, 푧, 푡) + ⋯,  

휓(푥, 푦, 푧, 푡) = 푠푖푛푥푠푖푛푦푠푖푛푧[1 + ℎ − 푖 ( ) + ℎ − ( ) + ℎ 푖 ( ) ] +  …,  

For = 1 푎푛푑 ℎ = 1 , we have  

휓(푥, 푦, 푡) =  푠푖푛푥푠푖푛푦 1 + (− 푖푡)  +
!
 (− 푖푡)  +

!
 (− 푖푡)  + ⋯ ,  

      =   푠푖푛푥 푠푖푛푦 푠푖푛푧푒 , 

which is the exact  solution. 
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퐹푖푔푢푟푒 15:퐹표푟 푟푒푎푙 푝푎푟푡 sin(푧) = −1,   − 100 ≤ 푥 ≤ 100,−100 ≤ 푦 ≤ 100,     − 100 ≤ 푡 ≤ 100,  

 
퐹푖푔푢푟푒 16:퐹표푟 푖푚푎푔푖푛푎푟푦 푝푎푟푡 sin(푧) = −1, −100 ≤ 푥 ≤ 100,−100 ≤ 푦 ≤ 100,−100 ≤ 푡 ≤ 100,  

 

퐹푖푔푢푟푒 17:퐹표푟 푟푒푎푙 푝푎푟푡 sin(푧) = −1,   − 500 ≤ 푥 ≤ 500,−500 ≤ 푦 ≤ 500,     − 10 ≤ 푡 ≤ 10,  
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퐹푖푔푢푟푒 18:퐹표푟 푖푚푎푔푖푛푎푟푦 푝푎푟푡 sin(푧) = −1,   − 500 ≤ 푥 ≤ 500,−500 ≤ 푦 ≤ 500,     − 10 ≤ 푡 ≤ 10.  

4. Conclusions  
Homotopy Analysis Method (HAM) is implemented to obtain analytical solutions of nonlinear Schrödinger equations. 

Numerical results and graphical representations clearly reflect complete compatibility of the proposed algorithm and 

discussed problems.  

 

References 

[1]  S. Abbasbandy, Homotopy analysis method for generalized Benjamin-Bona-Mahony equation, Z. Angew. Math. 

Phys, 59, 51-62 (2008). 

[2]  S. Abbasbandy and F. S. Zakaria, Soliton solutions for the fifth-order K-dV equation with the homotopy analysis 

method,  Nonlinear Dyn, 51, 83-87 (2008). 

[3]  S. Abbasbandy, Homotopy analysis method for the Kawahara equation. Nonlinear Anal (B), 11, 307-312 (2010). 

[4]  S. Abbasbandy, E.  Shivanian and K. Vajravelu, Mathematical properties of curve in the framework of the 

homotopy analysis method, 16, 4268-4275 (2011). 

[5]  S. Abbasbandy, The application of homotopy analysis method to nonlinear equations arising  in heat transfer, 

Phys. Lett. A, 360, 109–113 (2006). 

[6]  S. Abbasbandy, The application of homotopy analysis method to solve a generalized Hirota- Satsuma coupled 

KdV equation, Phys. Lett. A, 361, 478–483 (2007). 

[7]  S. J. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis Method, CRC Press, Boca Raton, 

Chapman and Hall,  2003. 

[8]  S. J. Liao, On the homotopy analysis method for nonlinear problems, Appl. Math. Comput. 147, 499–513 (2004). 

[9]  S. J. Liao, Comparison between the homotopy analysis method and homotopy perturbation method, Appl. Math. 

Comput. 169, 1186–1194 (2005). 



 Homotopy Analysis Method for Non-Linear Schrödinger Equations                                                                                                           103 

 
 

[10]  M. E Gurtin R. C. Maccamy, On the diffusion of biological population, Mathematical Bioscience, 33, 35-49 

(1977).                         

[11]  W. S. C. Gurney, R. M. Nisbet, The regulation of in homogenous populations, Journal of theoretical biology, 52, 

441-457 (1975). 

[12]  Y.  G. Lu, Holder estimates of solution of biological population equations, Applied Mathematics  Letters, 13, 123-

126 (2000). 

[13]  Y. Tan, S. Abbasbandy, Homotopy analysis method for quadratic Riccati differential equation, Commun. Nonlin. 

Sci. Numer. Simul. 13, 539–546 (2008). 

[14]  T. Hayat, M. Khan, S. Asghar, Homotopy analysis of MHD flows of an Oldroyd 8–constant fluid, Acta. Mech. 168 

, 213–232 (2004). 

[15]  T. Hayat, M. Khan, Homotopy solutions for a generalized second-grade fluid past a porous Plate, Nonlinear Dyn. 

42 , 395–405 (2005). 

[16]  S. T. Mohyud-Din and A. Yildirim, The numerical solution of three dimensional Helmholtz equations, Chinese 

Physics Letters, 27 (6), 060201 (2010). 

[17]  A. Yildirim and S. T. Mohyud-Din, Analytical approach to space and time fractional Burger’s equations, Chinese 

Physics Letters, 27 (9), 090501 (2010). 

[18]  Podlubny I. Fractional differential equations. New York: Academic Press, 1999.  

[19]  L. Song, H. Zhang, “Application of Homotopy analysis method to fractional Kdv-Burgers- Kuramoto equation,” 

Physics Letters A, 367, 88-94 (2007). 

[20]  M. Ganjiani, solution of nonlinear fractional differential equation using homotopy analysis method, Applied 

Mathematical Modeling,  34, 1634-1641 (2010). 

[21]  H. Jafari and S. Seifi, Homotopy analysis method for solving linear and nonlinear fractional diffusion-wave 

equation. Comun. Nonlin. Sci. Num. Sim. 14(5), 2006-2012 (2009). 

 

 

 

 

 

 

 


