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Abstract

In recent years Atangana and Baleanu proposed a new fractional derivative with non-singular and non-local kernel,
this paper formulate a fragmentary request numerical TB model with Atangana-Baleanu derivative. We inquired the
basic reproduction number and assessment of boundary dependent on genuine information of Khyber Pakhtunkhwa
Pakistan, Initially we present the fundamental properties of the model, the existence and uniqueness of the model is
proved through fixed point theory. At last, the model is tackled mathematically through Adams-Bashforth Moulton
technique. The mathematical results for the extended model of the elements of Tuberculosis is shown graphically to
feature the actual conduct of the issue and the underlying conditions are presented. The graphical results clarify the
impact of various boundaries. From the examination it is tracked down that fragmentary request gives more
understanding with regards to the infection elements.
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1. Introduction

Tuberculosis is one of the top ten causes of death worldwide, it is a bacterial infectious disease resulting from
bacillus mycobacterium tuberculosis (MTB). It is basically divided into two categories pulmonary TB, which
affects the lungs and extrapulmonary TB that invades other organs like brain, spine, kidneys, central nervous
system or lymphatic system, TB can be transmitted from a patient through cough, spit, sneeze or speak, the
main symptoms of TB includes chronic cough, blood-containing sputum, night sweats, fever and weight loss.
It all started roughly 3 million years ago in East Africa. According to current WHO figures, roughly a quarter
of the population of world is at risk of contracting tuberculosis (TB), with more than 10.4 million people
infected and 1.7 million died due to TB in 2016 [1]. A tuberculosis infected person has a 5-15 percent lifetime
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danger of contracting the sickness. In Pakistan, the number of individuals diagnosed with tuberculosis (TB) is
rising, with an estimated 27,000 new cases recorded each year, accounting for 87 percent of all new TB cases.
According to current incidence data, Pakistan has a total TB case incidence rate of 525,000 cases per year, with
368,589 cases under treatment and around 56,000 fatalities related to TB per year. Bangladesh and South
Africa are among the 30 nations with the highest TB burden in 2019 [2, 3]. Tuberculosis comes in three forms:
active, military, and latent TB infection. Mathematical models are essential for understand the dynamics of
diseases. In 1962, the first TB model was proposed by Waller et al. [4], which divided the entire population
into three subgroups.

In 1967, a proportion dependent mathematical model of tuberculosis infection is developed [5]. Castillo et al.
presented two-strain, age-structured, and time-delay TB infection models in [6, 7]. In [8], the authors studied
Mathematical Analysis of the TB Model with Treatment via Caputo-Type Fractional Derivative. In [9] a new
Hepatitis B model in light of asymptomatic carriers and vaccination study through Atangana-Baleanu
derivative is analyzed. Liu et al [10] investigated TB dynamics with seasonality by using data to estimate
model parameters. Robert investigates the impact of relapse and reinfection in the TB infective population in
[11]. Kim et al. recently used real-world data from the Philippines population to develop a mathematical model
with optimal TB management tactics [12]. Due to its memory and representation of hereditary qualities,
fractional-order mathematical models are more prominent and valuable in evaluating real-world phenomena
than integer-order models [13-17].The integer-order derivative does not investigate the dynamics among two
points in real-world applications. Because of the limitations of integer order and local differentiation, [18]
presents numerous concepts on differentials with non-local or fractional order and exponential Kernel. The
newly presented Atangana-Baleanu derivative has been successfully used to a variety of real-world complex
issues, as shown in [19-22]. This paper formulate a new AB fractional order model for tuberculosis infection.
The concept of fixed point theory is used to show the existence and uniqueness of the TB model. The impact of
various parameters will be explained using graphical data. The following section covers the fundamental
definitions and results of the AB derivative. The numerical results for the dynamics of tuberculosis are shown
graphically.

2. Preliminaries

We present some definitions of AB fractional derivative [23], which will be used in our proposed TB model,

Definition 1. LetgeH (a,b),b>a, ae[0,1], so in Caputo's (ABC) interpretation, the new fractional
derivatives are,

aABCDta(g(t)): B(a)jtg'(y)E{—aM}dy @

Definition 2. The following is the definition of the fractional integral of the new fractional derivative with
non-local kernel,

a*I17 (g(t)) = ;{5) g(t)+ [ a(y)(t-y)"dy @)

Definition 3. Ifg € Hl(a,b),b >a,o € [0,1], and are not necessary differentiable, the new AB fractional
derivative in Riemann-Liouville (ABR) sense,
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2" D¢ (g (t)) _ ﬁ(a)%r o(YE, {a (tl—y)a} dy (3)

Theorem 1. Let we have a function g (t)which is continuous on [a, b] then the following holds,

Ja*== b (9 (1)) < @ la(y)| Where |jg (x)|=max,.., |9(Y)|- (4)
l-a

Theorem 2. By ABC and ABR derivatives, the Lipchitz condition is satisfied as mentioned below:
HaABC Dfg, (t)-a** Dfg, (t)” <P|a,(t)-g,(1). (5)
also for ABR derivative we have,
% 07 ,)-2 07, (0] < PJo. () .0 ®
Theorem 3. The following FDEs,
a*** Dfg(t)=s(t), (7)

After the application of inverse Laplace transform and  convolution result  [23]
, It gives a unique solution,
l-«a a t
t)=—————s(t) +
90)=2ec (@) ABc(U)r(a)I

s(¢)(t-¢) " de. (8)

3.  TB model formulation with AB derivative
To formulate the model, we divide the total human population N (t) in six groups. Susceptible is denoted by
S(t), slowly and rapidly exposed classes are represented by El(t) and E, (t) respectively, the recovered

individuals are represented by R(t).TB infected by I(t ) and treatment is denoted by T(t),a new fractional order
AB derivative of order «, satisfying 0 < a <1 is considered in this paper, through the following system,

ABCDtaS :A_ﬁNSI —/JS

pst _
N
A DeE, :(1—q)%+glEl—(u+gz)Ez, ©)

°DIE =¢ (,L‘+81)E1+(1_77)5T1

"D = ,E, +ndT —(u+y+a,)l,
DT =yl —(u+S+a,+0)T,
DR =0T — uR.
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With initial conditions,

HE, (u+ay)T
T (1-m)ér T
* T
us g . al
A T e néT
—
S R

R

Schematic diagramme of TB model

In model (9), after powerful communication with infected individuals, a fraction

q(0<qg<1)ofS(t) move in to show exposed class E, and a fraction (1-q ) disclose straight to the exposed
class E,. In all classes, the parameter (A) indicates the birth rate, the natural death rate is denoted by u in all
classes o, and «, are the disease death rates in | and T compartments. B is the successful transmission
coefficient, & is the alignment from compartment E, to E, and &, represents the alignment from
compartment E, toy and | states the treatment rate of infected people. In the treatment compartment, the

individual leave the class at a rate ¢ that leaves them with incomplete therapy, and depending on their level of
healing, some of them(néT)re-enter the infected class | , while the others((l—n)ET) return to the slow

expose class E,. The rate at which the people from treatment class enter the recovered class is represented by
parameter v . The fraction of drug-resistant patients in the treated group is represented by the parameter
n(0<n <1) inthe factor(1-7)35 .In its basic sense, model (9) will be denoted as,

p1=(1u+gl)’ p2=(u+82), psz(,u+7+a1)’ p4:(:u+5+a2+u)

The DFE of the fractional TB model (9) is represented by Z, and is given asZ, :(A, 0,0,0,0, ijhile the
M

endemic equilibrium is denoted by D, :(S*, ELE,I'T, R*) and is given by,
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S*:N 1
R
E = [ 1 +(1-n yéjl
PR\ R Hi=n)
1
E = -ny5) 17,
2 82p4(p4p3 777)
T*:ll*1
Py
R*:il*,
P,
I = p1p4,u£2(Ro_l)N*

p4,L152q,B+(/l( pl( Ps P, _7775) +7e, ( B +(1_77) 5)) +PRé; (W"' p4:u)) R .

The basic reproduction number R, defined as “the number of secondary cases that one case would produce in

a completely susceptible population” of the model is computed through the next-generation technique [24]
presented as,

Br.&, (de +(1-a)p,)

R = .
’ P, P, ( P; P, _7/577) _81827/5 (1_77)

4. Existence of Solution for TB model

By the application of fixed point theory, we show the existence of the model solution in detail. It is difficult to
determine the exact solution to model (9) due to the nonlinearity involved. However, if the existence of the
model is proven, the model will have exact results under certain conditions. The system (9) can be structured
as follows,

0" Dy [S(t)]=p,(t.S),

0% D¢ [E (t)]=p, (LE),

0% Df [E, ()| = ps (. E,), (10)
0% D7 [1(t)] =y (1.1),

0" DI [T (t)]=ps (t.T),

0" Dy [R(t) ] = py (L, R).

The following is a representation of the system (25) as a result of Theorem 3.
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_ _ (1—05) o t _ gyel
S(t)-S(0)= A8 (a) P (t,S)+ AB ()T )jo P (&,9)(t—-&) " de
1- t a-1
(0B (0) - S LB+ s [ (6 B o
1- a-1
E,(t)-E,(0)= ,(AB(Z)) P (tE,)+ AB(aar( )J‘O ps(&,E,)(t—&)" dé (11)
_ _ (1—05) a t et
1(t) I(O)—AB(a)p4(t |)+AB(a o )jo P (E1)(t-¢)" " dé&
_ (1—0!) o g\t
T(t)-T(0)= A8 (a) ps(tT)+AB(G)F( )jo ps (&, T)(t—-&) " dé
B _ (1—05) a et
R(t)-R(0) = A8 (a) P, (t R)+AB(a o )jo P (&, R)(t—&) " de
In the following theorem, we prove the Lipchitz condition.
Theorem 4. The p, fulfills the Lipchitz condition and contraction if the below inequality holds,
Oé(ﬁa)l+/1)<l.
Proof. We would consider the functions S and S; to show the result,
I
I (45)- (18- |21 (5)-5(0)- () -s @)
<A1 Os ()-8 )]+ ufs (1) -8 ()]
<{ B, +u} HS t)-S(t)|
(12)
<A s(1)-s (),
Where 4, ={ Ba, + 1} and|l (t)| < @, which implies,
[P (t:8)=pu(t.S,)| < A8 ()-8 (1) 13

As a result, the Lipchitz condition is satisfied. Additionally, if Os(ﬁa)l+u)<1 then a contraction implies.
The rest of the cases, which are shown below, are analyzed in the same way:
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[P (t.E)-p.(L.E) H<ZQHE (t)-E(t 1)”

s (t.B) = ps (1B )| < 4 [E(t) - E(t, )],

s (6, 1) = pa (8 1,)][ < 21 () 1(1)). (14)
[P (t.T) = ps (LT H<A‘5HT -T(t) H

s (1, R) = pg (1. R, )| < A [R (t) = R(t,)] -

Rewrite model (15) in recursive form as follows,

A3(a) AB(a)T(a)
N I N CO O
N O e  SACEM O .
N L e S CIN S
()~ P s P ) -6)
R (1)~ PR s PR ) () 0

Moreover, the initial conditions are,

So(t) = 5(0), E19(t) = E(0), E5(¢) = E(0),1o.(t) = 1(0),.To(¢) = T(0),,.Ro(¢) = R(0).

For the difference of successive terms, we get the following results:

20 ()=, (05,2 (0= 15 (15,) - (1.5,))

AB(«)

a t a-1

+—F(a)jo(t—§) {P(4.5,1) - P&, )},

b
o
2

Pon (t) =k, (t)_ S (t) = (1—05) { P, ('[, Eln—l) - P, (t, Eln—Z)}

a t a-1

B a7 (P(6 )R (6 B}
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)

a a-1

AB (Ol)r(a) .[;(t_g) {ps (57 EZn—l)_ Ps (5, E2n72)}d§,

_ _(-a)
@i (1) =1, ()= 1,4 (t) = AB(a) { P (t1,) = Py (t, IH)} (16)
+ AB(O(O;F(OC)'[;( _5) 71{p4 (év In—l)_ P, (57 |n72)}d§
(=T (0T (=S (T ). (0T,
b BT e s
(0= R ()R ()= (PR (LR, )
+ AB (OCO;F(O() J.;(t _5)0“1 { Ps (57 Rn—l)_ Ps (57 Rnfz)}dg-
Consider,
Sn (t) = Zinzlq)li (t)’
B (t) = Zinzlq)Zi (t )’
Ea (t) = Zi:—l%i (t )’ (17)
I, (t) = Zi:1(04i (t)’
T, (t) = Zinzlq)si (t)
R, (t) = Zinzlq)ei (t )
Using the norm on (16), the triangle inequality, and the Lipchitz condition given in (13), we get.
¢ (0] < 5\18_ (‘;))Al o (0)] + AB(a)‘"+F Bk Joliocs (). (18)
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After applying the same method to the remaining equations, we get

0= e O+ iy s OO
[0 (1)] < (AlB_ (Z Ao s (0] AB (a a+r(a)ﬂ3£ By (V)Y
[0 (1) < ;15_ (Z)) Moy O+ 25y gy ey ey )
e L B e P 0) .Y
I (O]< SI;(Z)AG oy (V] AB(a)a+F(a)ie sy (V)

In light of the above result, the following theorem is established.

Theorem 5. The solution of the TB fractional model exists and unique under the conditions that there exist
somet,, such that,

(1-) t,a -
'“ES(O‘)AlJr AB(O!)F(oz)/12 <1, fori=12,.5.

Proof. As we know thatS(t),E,(t),E,(t),1(t),T(t) and R(t) satisfy Lipchitz condition and are bounded
functions. As a result of using equations (18) and (19), the following relationship is obtained.

. (0] <

) tya '
{AB( )" As(a)r(a)“} /

) @), tye "
||¢2" (t)” ”Eln (t)” AB( ) +AB(a )r (a)lz )

o Ol fe O S ot ] -

) t,a n
o (t>||{AB( )t As(a)r(a)“} |
) t,a n
||¢5n(t)||— {AB( ) - AB (a )F(a)ﬂs} ’

o Ol IR O] i s

The above-mentioned solutions' existence and continuity are proved. We define the following functions to
prove that the aforementioned functions form a solution for the TB model (9),
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S() —S(0.) = S, (t) — B1n(2),
E; (t) — E;(0) = Ep, (t) — Bon(2),
E;(t) — E;(0) = Ey, (t) — B3n(0),

1(t) = 1(0) = L,(t) — B4n(8),

T(t) — T(0) = T,(t) — Bsn (1),

R(t) = R(0) = R, () — Ben (2). (21)
Further, we get,
1B (O] = P, (1,8) = (15, )} + e [L(1=8) [ (8)- (&5, )} e
1n AB(O{) 1 ’ 1 1 ~n-1 AB(O{)F(O{) 0 1 ’ 1 1 ~n-1
l1-«
= AB(a)le(t’S)_ pl( 1~ n- 1 H +AB( J.H pl 5 S pl(gvsn—l)}udg
e an Sl gy Al Sl @)

When we repeated the procedure att,, we got the following results,

l-«a at, " nil
A0\ ) 4 @

Taking limit of equation (23) as n approaches tooo, then clearly ‘

have | (O] B (O] |Bun (0)] [ Ben ()] an|

Bys (t)] tends to 0. By the same analysis, we

B, (1)] tend to 0 whenever n tends toco.

5.  Uniqgueness of the solution

Previously, we used fixed point theory to prove the existence of a solution for model (9). Following that, we
provide the solution's uniqueness and give the following statement.

Theorem 6. The solution of the non-integer order derivative model given by (9) possesses a unique solution,
whenever, the assumption holds,

l-«a a
[l_ AB(a)ﬂq_AB(a)F(a)MJZOI @)

Proof. We show that the arbitrary order derivative model (9) is unique by considering that another set of
solutions, such as S, (t), E, (t),E, (t), I,(t), T,(t) and R (t) then,

1-o

$(1)-8,(t) =gy (R (19)-R(68)+ TeSms [ (R(65)- (&8 e 5)
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Applying norm on equation (20), it follows,

| (®)-s.(0

l1-a

AB () (P (t.5)=py(t, Sl))+mﬁ( b, (£5)-p.(&, sl))dgu (26)

o

l-a
< AB(a) AlHS (t)_sl(t)HJrWilt”S (t)—sl(t)H-

Which gives,

Clearly, S(t) =S, (t), if condition (24) holds. Similarly, E(t)=E,(t), E(t)=E,(t),1(t)=1,(t), T(t)=T,(t)
and R(t)=R,(t). Hence, the solution is unique.

6. Numerical approximations

The TB fractional model (9) numerical results are obtained here. To do this, we must first express the non-
integer order derivative model given by (9) in fractional Volterra type before applying calculus results. The
modified Adams Bash forth rule for the AB fractional integral operator is applied to derive the scheme for the
TB model (9) , The non-integer order derivative model (9) with AB derivative is obtained by applying the
calculus result to the first equation of the TB model (9) as shown,

S(t)-5(0)= :E;(z) pl(t,S)+m£ p.(&,5)(t—=¢) e (28)

Over[tp, tp+l], the function pl(r, S) can be approximated by the interpolation polynomial

M, () s a(t, ¥(t,))- i~ 9(t, 4. ¥(t,4))

tp _tpfl

SICCY P U =
)y )ty

Which gives,



Modeling and analysis of fractional TB model 59

Sra =S * lB_(Z) P (1 8) RE 2R T )
LZ{ 2 (tr:,s) [ (et ) e) 0 M (et ) dTD’ (30)
Now,
A= t:“(r 1, )(t,—7)" " dr, (31)
and,
A= (r-t,)(ta—7) " dr, (32)

We get the following result when we calculate these integrals

(n+1-p)* (n-p+2+a)—(n-p)"(n- p+2+2a)’

A=t a(a+1) 53
A :hml(n+l—p)“—(n—p)“(n—p+1+a) (39)
w2 a(a+1) '
Finally,
l-«a a
Sra =St AB(a) Pi(t:8)+ AB(a)xT(a)
_hapl(tpis) a a |
i m((nﬂ— p) (n-p+2+a)-(n-p) (n—p+2+2a)) (35)
Y U
_W[(n-l- -p)""=(n-p)"(n—p+ +a)} |

From the remaining equations of the system (9), we obtained the recursive formulae follows as,



60 International Journal of Emerging Multidiciplinaries

l1-«a o

E1n+1 = Eo +F(a) P, (tn’ E1)+W
%((nﬂ— p)“(n—p+2+a)—(n—p)“(n—p+2+2a)) (36)
p=0 B h* P, (tp—l’ E1)

C(a+2) ((n +1- p)m—(n— p) (n- p+1+a))

AB(a) AB(a)T ()
sy (retepy (- p) (nopeisa)
| = '°+A15_(Z) P, (L, 1)+ AB(aO;r(a)
; hlfi;(i;f; (I(;Hl p)’ (n-p+2+a)-(n-p)*(n-p+2+2a)) 9
By (1-peta)
e
Pl w1 o) (n-pezea) (o) (n- ez 20)
(39)
g L T
SR
hrF();(t:’ZF)z)((nﬂ— )’ (n=p+2+a)=(n-p)" (n-p+2+2a)) *

p=0 B h* Ps (tp—li R)

C(a+2) ((n +1- p)m—(n— p) (n- p+1+a))
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7.  Simulation results

After the successful execution of modified Adams Bashforth numerical result on the TB model (9), we
obtained the graphical results of the fractional order TB model (9), by considering and assigning values of

fractional parameter o, and y e[O,l]. The time interval in the graphical results is kept as 300 units. The
parameters used in the graphical results are projected based on the available TB data from NTP Pakistan. The

graphical behavior of the model (9) and the effect of o transmission rate on the susceptible, exposed, infected,
treated and recovered classes for « =0.01,0.90 is shown in Figure 1, likewise, the effect of g transmission on

the exposed, infected and recovered individuals for « =0.01,0.90 is given in Figure 2.

Table 1: Parameters setting for the TB model (9).

Parameter Description Baseline value Reference

B Contact rate 0.6001 Fitted

a Recovery rate 0.0100 Fitted

Y Treatment rate  of| 0.1500 Fitted
infective individuals

H Natural mortality rate | 1/67.7 Pakistan Bureau of Statistics

(5]

a, Disease induced death | 0.2738 Fitted
rate in |

A Birth rate 450,862.20088 Estimated

a, Disease induced death | 0.1000 Fitted
rate during treatment

o Leaving rate of 1.0649 Fitted
treated individual re-
enterto | or E;

n Failure of treatment | 0.2959 Fitted

& Rate of moving from| 0.2351 Fitted
EtoE,

& Transfer rate from E, | 0.2001 Fitted
to |

q Fraction of susceptible | 0.5259 Fitted
individuals being
infected




62

= 107

35

S

—

«10°

3.5

International Journal of Emerging Multidiciplinaries

o
(1] 50 100 150 200 250 100 150 200 250 300
Time (years) Time (years)
7 x10° : . . . 3 «10° : : . ; ;
— ] — ]
=097 N\ a=0.97
e =094 25 \ — =04 |
a=0.91 | a=091
a=0.88 | a=0.88
a=0.85 s} | a=0.85|
= st | -
w |
|
1r | 1
\
0.5 ]
. I . 0 . . . I
100 150 200 250 1] 50 100 150 200 250 300
Time (years) Time (years)
(-3 5
o5 = 10 . : : : = 10 . : : :
—_—n=1 f —r— = i
=097 451 | —
— =094 |
2r =091 ar i 1
a=0.88 i
4=0.85 351
15} 3l
= \ Soasf |
1 i 2F
\
\ 15
\ a=t
il - 1l — =097 |4
— =094
05 —=0.91 |
a=0.88
o + ' ' ' 0 L " L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time (years) Time (years)

(f)

Fig. 1 Simulation of TB model (9) with AB derivative.
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Fig. 2 Simulation of TB model (9) with AB derivative.
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8. Conclusion

We successfully analyzed a TB model with an AB derivative. Data from NTP Khyber Pakhtunkhwa, Pakistan,
was used to parameterize model parameters utilized in numerical simulations from 2002 to 2017. We obtained
numerical results by assuming the fractional parameter with different values and provided a comprehensive
discussion. The essential results of the fractional order model have been analyzed and briefly described. An
iterative method was used to find the solution to the TB model. Fixed theory was used to prove the model
solution, uniqueness, and existence. It can be perceived from the graphical results that newly introduced

derivative for the TB model provides flexible results that might be more useful as compared to integer order
derivative. If R, <1, then Z,is GAS. When R, >1, it also possesses a unique D, and is Global asymptotic

stable. Finally, numerical simulations of the model are shown to verify the theoretical results, to show the
effects of model parameters and highlight the effect of TB infection.

Competing Interests

The authors declare no competing interests.
References

[1] World Health Organization Media Centre, 2018, https://www.who.int/en/news-room/fact-
heets/detail/tuberculosis.

[2] World Health Organization. Global tuberculosis report, 2016.
https://www.who.int/tb/country/data/profiles/en/
[3] Pakistan Bureau of Statistics. Pakistan’s 6th census: population of major cities
census, http://www.pbscensus.gov.pk/

[4 Y. Yang, J. Li, Z. Ma and L. Liu, Global stability of two models with incomplete treatment
for tuberculosis , Chaos, Solitons & Fractals, 43, 79 — 85 (2010).

[5] J.Liuand T. Zhang, Global stability for a tuberculosis model, Math. Comp. Modelling, 54, 836 — 845 (2011)
[6] L. Liu, X. Q. Zhao and Y. Zhou, A tuberculosis model with seasonality, Chao.Soliton.Fract.72, 931-952
(2010).

[7] S. R. Wallis, Mathematical models of tuberculosis reactivation and relapse, Front. in Micro-biol. 7, 1-7
(2016).

[8] Zhang, X. H., Ali, A., Khan, M. A., Alshahrani, M. Y., Muhammad, T., & Islam, S. (2021).
Mathematical Analysis of the TB Model with Treatment via Caputo-Type Fractional
Derivative. Discrete Dynamics in Nature and Society, 2021.

[9] Li, X.P., Gul, N., Khan, M. A, Bilal, R., Ali, A., Alshahrani, M. Y. & Islam, S. (2021).
A new Hepatitis B model in light of asymptomatic carriers and vaccination study through
Atangana—Baleanu derivative. Results in Physics, 29, 104603.

[10] S. G. Samko, A. A. Kilbas, I. O. Marichev and others, Fractional Integrals and Derivatives, Gordon and
Breach Science Publishers, Yverdon, 1993.



Modeling and analysis of fractional TB model 65

[11] M. Caputo and M. Fabrizio, A new definition of fractional derivative without singular

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]

[22]

[23]

[24]
[25]

kernel,Progr.Fract. Differ. Appl, 2, 1-13 (2015).
National TB Control Program Pakistan (NTP). http://www.ntp.gov.pk/webdatabase.php.
Ali, A, Islam, S., Khan, M. R., Rasheed, S., Allehiany, F. M., Baili, J., ... & Ahmad, H.

Dynamics of a fractional order Zika virus model with mutant. Alexandria Engineering Journal,
2021.

Li, Y. X., Alshehri, M. G., Algehyne, E. A., Ali, A., Khan, M. A., Muhammad, T., & Islam, S.
Fractional study of Huanglongbing model with singular and non-singular kernel. Chaos, Solitons &
Fractals, 148, 111037 (2021).

Oud, M. A. A, Ali, A., Alrabaiah, H., Ullah, S., Khan, M. A., & Islam, S. A fractional order
mathematical model for COVID-19 dynamics with quarantine, isolation, and

environmental viral load. Advances in Difference Equations. 2021(1), 1-19 (2021).

Chu, Y. M., Ali, A., Khan, M. A., Islam, S., & Ullah, S. (2021). Dynamics of fractional order
COVID-19 model with a case study of Saudi Arabia. Results in Physics, 21, 103787.

Ali, A., Alshammari, F. S., Islam, S., Khan, M. A., & Ullah, S. Modeling and

analysis of the dynamics of novel coronavirus (COVID-19) with Caputo fractional

derivative. Results in Physics, 20, 103669 (2021).

P. V. D. Driessche and J. Watmough, Reproduction number and sub-threshold endemic equi-libria for
compartmental models of disease transmission, Math. Bios., 180, 29-48 (2002).

Van den Driessche, P, Watmough, J. Reproduction numbers and sub-threshold endemic equilibria for
compartmental models of disease transmission. Math Biosci. 180, 29-48 (2002).

LaSalle, JP .The stability of dynamical systems, Vol. 25. Philadelphia, PA: SIAM, 1976.

M. Toufik and A. Atangana, New numerical approximation of fractional with non-local and non-
singular kernel: Application to chaotic models, Chaos Solitons Fract. 132.

Churchyard G, Kim P, Shah NS, Rustomjee R, Gandhi N, Mathema B, et al. What we know about
tuberculosis transmission: an overview. J Infect Dis. 216(suppl_6), S629-35 (2017).

A. Atangana and D. Baleanu, New fractional derivatives with nonlocal and non-singular

kernel: theory and application to heat transfer model, Therm. Sci. 20, 763-769 (2016).

Pauline VVan den Driessche, James Watmough, Math. Biosci. 180, 29 (2002).

Denis Matignon, Stability results for fractional differential equations with applications tocontrol
processing, in Computational Engineering in Systems Applications (IMACS,

IEEE-SMC Lille, France). 2, 963-968 (1996).



