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 Abstract 
 
This investigation thoroughly analyses magnetohydrodynamics axisymmetric fluid flow and heat transfer over an exponentially 

stretching sheet in the presence of radiation and Joule heating effects. The governing partial differential equations are obtained and 

converted into coupled ordinary differential equations using a suitable similarity transformation. This transformation is also used to 

re-model the governing system to modify ODEs and boundary conditions using the BVP4C MATLAB) package. The effects of the 

involved physical parameters, such as suction/injection parameter, magnetic parameter, Prandtl number, Eckert number, and 

radiation parameter on velocity and temperature profiles are shown graphically. The effects of various parameters on Nusselt number 

and skin friction coefficient are shown in tabular form. It has been determined that the presence of a magnetic field improves a 

fluid's thermal behavior. Furthermore, increasing the magnitude of the magnetic field reduces the fluid's radial velocity. 
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1.      Introduction 
 

For practical engineering applications, there have been a lot of studies done on thermal transport of viscous 

fluids formed by stretching surfaces. Glass fiber production, Paper making, plastic film drawing, wire drawing, 

polymeric sheet manufacturing, Paper is made by a variety of sectors, including paper manufacturing, polymer 

extraction from plastic sheets, and paper recycling. Everyone benefits from flow and heat transport evaluations 
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on stretched surfaces. During the production of these sheets, molten material passes it is then stretched to the 

required thickness through a slit. The final product's mechanical qualities are influenced by the rate is 

determined by the sheet's flexibility at which it cools, and the fluid's rheological features. Sakiadis [1] is credited 

with developing an axisymmetric flow in two dimensions model and studying On top of a stretched sheet, 

boundary flow is created. Crane [2] investigated a stretching sheet is used to guide the boundary layer flow and 

devised a closed form solution for laminar flow. Several researchers broadened their research to include a wide 

range of physical phenomena. The effects of suction and blowing on a constantly extending surface were 

investigated by Char [3]. Whereas, Fang and Fang [4] proposed an analytical approach that included a wedge 

stretching wall as the mass transfer element. The majority of the research [5-7] is focused on a stretching surface 

with a velocity proportional to the distance from the origin on boundary layer flow. Later on, Xu [8] suggested 

that plastic sheet stretching isn't always linear, and Kumara provided a generic quadratic sheet stretching 

velocity. Several scholars [9-12] investigated various elements of difficulties such as Injection of In the presence 

of suction, a thermal boundary layer flows onto a power-law extending surface streaking velocity across a sheet 

that was exponentially stretched. Flow and heat transmission has gotten a lot of press recently. Some scholars 

have looked at the flow and heat transmission across an exponentially growing shield in recent years [13-18]. 

Ariel [19] developed an accurate and numerical flow that is axisymmetric solution over a sheet that is stretched 

linearly and radially Mirgolbabaei [20]  used the variational iteration method to solve this problem. Ariel [21] 

second-graduation fluids were added to the axisymmetric flow issue. By employing velocity    푐푟  and 

establishing the optimal solution for axis Sahoo [22] examined a radially extended surface with an electrically 

conducting viscoelastic fluid flowing in an axisymmetric flow partial slip at a linear speed. By employing 

velocity c푟   and constructing the optimum axisymmetric flow on a radially extending nonlinear surface, 

Shahzad et. al [23] discovered the axisymmetric flow over a nonlinear radially extending surface has the proper 

solution. Ali et. al [24] studied heat transfer over stretching surface with velocity  c푟   in the presence of a 

magnetic field of viscous fluid with slip condition over nonlinear stretching sheet.  

Thermal radiation and heat transfer studies serve all industries, including electrical power generation, 

astrophysical fluxes, solar power technologies, and others. There is currently a large body of work in the 

presence of radiation fluxes impacts. Elbashbeshy and Dimian [25] investigated boundary layer flow and heat 

transfer over a wedge with a viscosity coefficient. Cortell also used a fourth-order Runge-Kutta approach to 

tackle a problem regarding the effect of radiation on Blasius flow [26]. Similarly, many researchers [27-30] 

explored the effect of radiation on viscous fluid over stretching surfaces. Heat transmission in the flow Gupta 

and Gupta [31] investigated various aspects of the problem while investigating various facets of the problem. 

The boundary layers on a continuously stretched continuous surface with an exponential temperature 
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distribution were studied by Raptis et al. [32]. For the stagnation point, heat transmission with and without 

viscous dissipation, and Joule heating, Jat et al. [33] investigated MHD boundary layer flow across a stretching 

sheet. Ishak [34] explored the effect of heat radiation on the hydro-magnetic flow of an exponentially stretched 

sheet. 

Shehzad et. al [35] investigated that how the suction injection parameter affected axisymmetric flow on a 

surface that stretches exponentially. The purpose of this investigation to extend the above work by considering 

the joule heating radiation effects on temperature profiles. The structure of the manuscript is as: the 

mathematical formulation of a physical phenomenon is described in section 2, section 3 elaborate the  numerical 

procedure adopted to solve the problem in hand, and numerical findings are given in part 4. Finally, section 5 

provides final observations. 

2.       Mathematical form of Physical Phenomena 

Here, we consider the incompressible electrically conducting viscous fluid over exponentially stretching surface 

that coincides with the 푍 = 0 plane. There is fluid in the area 푍 >  0. The flow phenomenon is caused by the 

sheet's radial stretching velocity 푈 푒 . In addition, a magnetic field with the intensity 퐵(푟)  =  퐵 푒  is applied. 

It is assumed that the induced magnetic field is insignificant for modest Reynolds numbers. As indicated in the 

image, the sheet is maintained at a constant temperature 푇 , whereas the ambient temperature is presented by 

푇 . The basic steady 2D conservation of mass, momentum, and thermal energy equations, using the above 

assumptions and applying the boundary-layer approximation, can be written in the form of [35]  

 

Fig. 1. The flow diagram with coordinates 

휕푢
휕푟 +

푢
푟 +

휕푤
휕푧 = 0,    (1) 
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(퐵(푟) 푢 ), (3) 

where 푞  is the radiative heat flux and the Rosseland approximation describes it so that 

 푞  =  −
4
3 

 휎
푘  

휕푇
휕푦 = −

4
3 

 휎
푘  푇

휕푇
휕푦, 

(4) 

Here, 휎  represents the Stefan-Boltzmann constant and 푘  represents the average absorption coefficient. If the 

temperature variations within the flow are small enough, expending 푇  about  푇  by using Taylor’s series, 

equation (4) takes the form 푇 ≅ 4푇 푇 − 3 푇 .  

The corresponding boundary conditions are 

풖 = 푼 = 푼ퟎ풆
풓
풍 ,풘 =  − 풗ퟎ풆

풓
ퟐ풍 ,푻 = 푻풘 풂풕 풛 = ퟎ, 

 풖 →  ퟎ ,푻 = 푻 ,풂풔 풛 →  ∞. 

 

    (5) 

To make the aforementioned equations dimensionless, we proposed the following additional similarity 

transformations: 

푢 = 푈푓(휂),푤 =
1
2푈

(푅푒) [푓 +   휂푓],휂 = (푅푒)
푧
푙 ,휃(휂) =

푇 − 푇
푇  푇

,푅푒 =
푙푈
휗  (6) 

Equation (1) is identically fulfilled after the application of the preceding similarity transformation, and Equation 

(2-5) has the form 

푑 푓(휂)
푑휂 +

1
2 푓(휂)

푑 푓(휂)
푑휂 − M

푑푓(휂)
푑휂 −

푑푓(휂)
푑휂 = 0 

(7) 

(1 + 푅)
푑 휃
푑휂 +

1
2푃푟푓

푑휃
푑휂 + 푃푟퐸푐

푑 푓
푑휂  + 푃푟퐸푐푀(푓′) = 0, 

(8) 

푓(휂) = 푠, 푓 (휂) = 1,휃(휂) = 1 푎푡 휂 → 0 

푓 (휂) = 0,휃(휂) = 0 푎푠 휂 → ∞ 

(9) 

The magnetic parameter is 푀 =    ,  the Prandtl number is 푃푟 =  휇푐푝푘 , the Eckert number is 퐸푐 =

푢2

푐푝(푇푤−푇∞)
,  and the suction/injection parameter is 푆 =  휈

푢0휈
4푙

  (푠 > 0  for injection ).  The At the surface, 

dimensionless skin friction and Nusselt number  are defined as 푐  =      and 푁  = ( )
( )
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 respectively, where 푇  = 휇  the wall shear stress and 푞 =  −퐾 the wall heat flux, are physical 

parameters of importance.The above equations transforms variable in terms can be expressed as  푅푒 퐶 =

푓′′(0) and 푅푒  푁푢 = −(1 + 푅푑)휃′(0). 

3. Solution Methodology 

Using similarity transformation, nonlinear partial differential equations with applied boundary conditions are 
transformed into ordinary differential equations, which are then solved using the Shooting method. Here, the 
third order nonlinear ordinary differential equations (7) and the second order nonlinear ordinary differential 
equations (8) are turned into difference equations as follows: 

푓 = 푦 , 푓 = 푦 ,푓 = 푦 ,푓 = 푦푦1 

푦푦1 = −
1
2푦 푦 + M(푦 ) + 푦 = 0, (10) 

휃 = 푦 ,휃 = 푦 ,휃 = 푦푦2,  

푦푦2 =
1

(1 + 푅) −
1
2푃푟푦 푦 − 푃푟퐸푐(푦 ) − 푃푟퐸푐푀(푦 ) , (11) 

4.  Results and Discussions 

This work investigates a thorough analysis of magnetohydrodynamics axisymmetric in the presence of the Joule 

heating effect, fluid movement, and heat transmission across an exponentially stretching sheet. To find the 

solution we used a numerical method (BVP4C MATLAB package). Effect of fluid parameters such as S is the 

suction/injection parameter. About skin friction and Nusselt number, the magnetic parameter 푀, Eckert number 

퐸푐, Prandtl number 푃푟, and radiation parameter 푅 were detected. The effects on the rate of heat transport and 

the dimensionless there is shear stress at the surface, which is represented graphically and numerically. The 

tables (1-4) show the effect of 푀 as a magnetic parameter, suction/injection parameter 푆, Prandtl number 푃푟 on 

skin fraction and Nusselt number. 

 

Fig. 2. For varying values of the suction parameter 푆, the velocity 푓 (휂) changes when 푀 = 1.0 is fixed. 
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Fig. 3. For varying values of the injuction parameter 푆, the velocity 푓 (휂) varies when 푀 = 1.0 is fixed. 

 

 
Fig. 4. For varying values of the magnetic parameter M, the velocity 푓 (휂) varies when 푆 = 1.0 is fixed. 

Figs. 2 and 3 explain how suction and injection parameters affect the velocity profile. Fig. 2 depicts the s > 0 

affects the suction parameter. The velocity 푓 (휂) drops when the suction parameter is increased, and the well 

shear stress falls. Buoyancy forces may serve to slow the hot fluid being pushed against the wall due to the large 

influence of velocity on the fluid; this behavior occurs in the case of suction. The velocity profile corresponding 

to different values of injection parameters 푆 <  0 is shown in fig. 3. This graph shows the reverse pattern of 

velocity increasing with injection.  Fig. 3 shows the velocity increasing in the opposite direction as an injection 

(s > 0). Fig. 4 shows the impact of the magnetic parameter M as the Lorentz force opposes the flow; hence 

raising M lowers the velocity profile. 

f'(
)

f'(
)
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Fig. 5. Temperature variation 휃(휂) for different suction parameter S values when 푀 = 1.0,푃푟 =

6.0,퐸푐 = 0.8, and 푅 = 0.5 are fixed. 

 

Fig. 6. Temperature variation 휃(휂) for different injection parameter S values when 푀 = 1.0,푃푟 =

6.0,퐸푐 = 0.8, and 푅 = 0.5 are fixed.  

 

Fig. 7. Temperature variation 휃(휂) for different Eckert number 퐸푐 values when 푀 = 1.0,푃푟 =

6.0,푆 = 1.0, and 푅 = 0.5 are fixed. 
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Fig. 8. Temperature variation 휃 (휂) for various Prandtl numbers 푃푟 when 푀 = 1.0, 푆 = 1.0, 퐸푐 =

0.8, and 푅푑 = 0.5 are fixed. 

 The effects of physical parameters on temperature have been observed and are presented in (figs. 5-8). A brief 

discussion is made on the obtained figures. Fig. 5 is influenced by the suction parameter 푆 >  0. As the suction 

parameter increases, the temperature drops. This is due to boundary forces which intervene to slow the hot fluid 

as it approaches the wall due to the large influence of velocity. Because velocity is so important in suction, this 

behavior occurs as a result of the hot fluid being forced against the wall, when boundary forces exist could step 

in and slow down the flow. 

 

Fig. 9. Temperature variation 휃(휂) for different radiation parameter R values when 푀 = 1.0, 푆 = 1.0,

퐸푐 = 0.8, and 푃푟 = 6.0 are fixed. 
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Fig. 10. Temperature variation 휃(휂) for different magnetic parameter M values when 푅 = 0.5, 푆 =

1.0, 퐸푐 = 0.8, and 푃푟 = 6.0 are fixed. 

Table 1. Effect of Suction/Injection Parameter on 휃 (0) and 푓′′(0). 

S M 푷풓 푬풄 푹풅 −휽 (ퟎ) 풇 (ퟎ) 
0 1.0 6.0 0.8 0.1 1.090646 −3.01553 

0.1 1.0 6.0 0.8 0.1 1.056821 −2.40948 
0.2 1.0 6.0 0.8 0.1 1.030493 −1.80490 

Table 2. Effect of Magnetic Parameter on 휃 (0) and 푓′′(0). 

S M 푷풓 푬풄 푹풅 −휽 (ퟎ) 풇 (ퟎ) 
1.0  0.0 6.0 0.8  0.1 0.396711 −1.022434 
1.0  0.5 6.0  0.8 0.1 0.283448 −0.7702971 
1.0 1 6.0  0.8 0.1 0.1942725 −0.6210683 

Table 3. Effect of Prandtl Number on 휃 (0) and 푓′′(0). 

S M 푷풓 푬풄 푹풅 −휽 (ퟎ) 풇 (ퟎ) 
1.0 1.0 0.5 0.8 0.1 0.999653 8.077643 
1.0 1.0 1.0 0.8 0.1 0.999649 8.077642 
1.0 1.0 1.5 0.8 0.1 0.999644 8.077641 

 Table 4. Effect of Radiation Parameter on 휃 (0) and 푓′′(0). 

S M 푷풓 푬풄 푹풅 −휽 (ퟎ) 풇 (ퟎ) 
1.0 1.0 6.0 0.8 0.1 0.999904 6.334784 
1.0 1.0 6.0 0.8 1 0.993024 6.349548 
1.0 1.0 6.0 0.8 2 0.982357 6.349431 

Fig. 6 depicts the effect of injection parameters 푆 <  0 on dimensionless temperature. The temperature rises 

with injection. The effect Eckert number on temperature is displayed in Fig. 7. Due to the thermal energy 

contained in the fluid, when the Eckert number rises, the temperature profile rises as well. The Prandtl number 

represents the momentum to thermal diffusivity ratio, increase in 푃푟  reduces the temperature as shown in fig. 
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8. Fig. 9 shows how the temperature is affected by the radiation parameter (푅푑), demonstrating their inextricable 

link. The temperature transfer increases as the value of a parameter for radiation is increased as seen in the 

figure. The impact of magnetic parameter M on temperature is shown in fig. 10. The Lorentz force, which 

opposes flow, is responsible for this. It has been demonstrated that increasing the magnetic parameter raises the 

temperature profile while lowering the thickness of the thermal boundary layer. Table 4.1 demonstrates 

dimensionless for various values of the suction parameters, Shear stress and heat transfer rate at the surface are 

calculated. 

 The heat transfer rate 휃'(0) falls as the suction parameter s increase in this table. The suction parameters 

increased to minimize the surface shear stress 푓  (0). Table 2 displays the influence of the effect of the magnetic 

parameter on the Nusselt number and skin friction; as the magnetic parameter is increased, the Nusselt number 

decreases but skin friction rises. Furthermore, table 3 demonstrates the effect of Prandtl number and Nusselt 

number on skin friction. It can be seen that both have an inverse relationship with Prandtl number, i.e., both 

drop as Prandtl number increases. Similarly, table 4 demonstrates how the Nusselt number and skin friction are 

affected by the radiation parameter. With an increase in the value of the radiation parameter, the Nusselt number 

decreases, however, skin friction increases. 

5.    Conclusion 

This study examined the heat transmission features of an axisymmetric fluid flow with exponential stretching 

velocity according to Newtonian theory. Using novel similarity transformations, nonlinear partial differential 

equations were reduced to a system of ordinary differential equations (ODE). Numerical solutions to equations 

for motion and energy were found. The influence of significant factors on the dimensionless radial velocity 

푓′(휂) and the dimensionless temperature profile 휃(휂) was visually displayed and carefully examined. Here are 

some of the most significant findings: 

  As we increase the value of the suction parameter (푆 > 0), the fluid temperature falls. . 

 By raising the value of injection parameter S, the temperature profile rises. 

 Increasing the Eckert number further enhances the temperature profile. 

 It is noticed that when the Prandtl number increases, temperature falls. 

 Increasing the parameter value for radiation reduces the temperature profile. 

 Moreover, the temperature profile increases as the magnetic parameter increases. 
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